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				PREFACE

			

		

		
			
				Algebra 8 is designed to provide learners to improvement and development of their mathematical background needed for further algebra courses.

				Starting from the first pages, you will realize that this textbook is completely different from any other usual textbooks full of theoretical passages and formulas. Every chapter contains useful information, interesting facts, tasks for individual and group work. You will also learn how to conduct researches and experiments by yourselves, search for information, make your discoveries. By the end of the book, students will have a good understanding of the analytic approach to solving problems. In addition, we have provided many systematic explanations throughout the textbook that will help instructors to reach the goals that they have set for their students.

				One more valuable feature of this textbook is the language. Every sentence has been carefully chosen so that it is not difficult for you to understand mathematics in the English language. Each page contains translations of all the important terms, both in Kazakh and Russian. This textbook will not only help you improve your English, but it will also make you a part of a big international science community.

				This textbook consists of five chapters, which cover SQUARE ROOTS AND IRRATIONAL EXPRESSIONS, QUADRATIC EQUATION, QUADRATIC FUNCTION, ELEMENTS OF STATISTICS, INEQUALITIES respectively. Each chapter begins with basic definitions, theorems, and explanations which are necessary for understanding the materials that are in the subsequent сhapters. In addition, each chapter is divided into subsections so that students can follow the material easily.

				Every subsection includes self-test PRACTICE problem sections. Teachers should encourage their students to solve PRACTICE problems themselves because these problems are fundamental to understanding and learning the related subjects or sections. At the end of every section, there are PROBLEMS categorized according to the structure and subject matter of the section. Problems are graded in order, from easy (A) to difficult (C). In addition, at the end of every chapter there is SUMMARY categorized according to the structure and subject matter of the chapter.

				Please pay attention to the structure of this textbook. Remember: a textbook is no longer the only source of information in the modern world. With the help of carefully selected tasks, you are going to learn such important skills as critical thinking, problem solving, information analysis, creativity, imagination, teamwork, digital literacy, etc.

				Best regards,

				team of authors, “Астана-кітап”

			

		

	
		
			[image: ]
		

		
			
				CONTENTS

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				[image: ]
			

			
				[image: ]
			

		

		
			
				REVIEW EXERCISES FOR 5-7th  GRADES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 

				CHAPTER 1: SQUARE ROOTS AND IRRATIONAL EXPRESSIONS

				SECTION 1.1: REAL NUMBERS. SQUARE ROOTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 

				UNDERSTANDING REAL NUMBERS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

				Natural Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

				Whole Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

				Integer Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

				Rational Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

				Irrational Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

				Real Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

				UNDERSTANDING SQUARE ROOTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

				PROPERTIES OF SQUARE ROOTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

				ESTIMATING THE VALUE OF SQUARE ROOTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

				PROBLEMS 1.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

				SECTION 1.2: TRANSFORM EXPRESSIONS CONTAINING SQUARE ROOTS . . . . . . . . . . . . . . . . . . . . . . . . . 26 

				WORKING WITH PURE AND MIXED RADICALS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 

				OPERATIONS WITH SQUARE ROOTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

				Adding and Subtracting Square Roots . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

				Multiplying the Square Roots . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

				COMPARING WITH REAL NUMBERS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

				RATIONALIZING DENOMINATORS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

				Rationalizing Denominators with two terms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

					PROBLEMS 1.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

				SECTION 1.3: FUNCTION OF THE FORM , ITS GRAPH AND PROPERTIES . . . . . . . . . . . . . . . . . . . 40 

					FUNCTION OF THE FORM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

					VALUES OF SQUARE – ROOT FUNCTIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

					PROBLEMS 1.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

				SUMMARY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

				CHAPTER 2: QUADRATIC EQUATIONS

				SECTION 2.1: QUADRATIC TRINOMIALS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48 

				QUADRATIC TRINOMIALS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

				FACTORING QUADRATIC TRINOMIALS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

				Quadratic Trinomials of the Form x2 + bx + c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

				Quadratic Trinomials of the Form ax2 + bx + c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

				
					[image: ]
				

				
					[image: ]
				

			

		

	
		
			[image: ]
		

		
			
				CONTENTS

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				[image: ]
			

			
				[image: ]
			

		

		
			
				Completing the Square . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

				PROBLEMS 2.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

				SECTION 2.2: QUADRATIC EQUATIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

				QUADRATIC EQUATIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

				SOLVING QUADRATIC EQUATIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

				Solving Equations of the Form  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

				Solving Equations of the Form  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

				Solving Equations of the Form  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

				Solving Equations of the Form  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

				Factoring . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

				Completing the Square . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

				The Quadratic Formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

				DISCRIMINANT OF A QUADRATIC EQUATION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

				VIETA’S THEOREM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

				PROBLEMS 2.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

				SECTION 2.3: SOLVING EQUATIONS. WORD PROBLEMS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

				SOLVING THE EQUATIONS IN THE FORM  AND  . . . . . . . 78

				
					[image: ]
				

				SOLVING RATIONAL EQUATIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

				SOLVING EQUATIONS REDUCIBLE TO QUADRATIC FORM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

				SOLVING WORD PROBLEMS BY USING QUADRATIC AND RATIONAL EQUATIONS. . . . . . . . . . . . . 85

				Word Problems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

				Motion Problems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

				Number and Fraction Problems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

				PROBLEMS 2.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

				SUMMARY. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

				CHAPTER 3: QUADRATIC FUNCTION

				SECTION 3.1: QUADRATIC FUNCTION AND ITS GRAPH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

				QUADRATIC FUNCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

				GRAPH OF A QUADRATIC FUNCTION. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

				Quadratic Functions of the Form  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

				Quadratic Functions of the Form  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

				Quadratic Functions of the Form  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

				GRAPHING  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

				Vertex of a Parabola . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

				Vertex Formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

	
		
			[image: ]
		

		
			
				CONTENTS

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				[image: ]
			

			
				[image: ]
			

		

		
			
				Intercepts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

				Sketching the Graph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

				EQUATION OF A PARABOLA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

				SOLVING WORD PROBLEMS BY USING QUADRATIC FUNCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

				Business Application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

				Architecture Application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

				PROBLEMS 3.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

				SUMMARY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

				CHAPTER 4: ELEMENTS OF STATISTICS 

				SECTION 4.1: POLYGON OF FREQUENCIES. HISTORGRAM OF FREQUENCIES . . . . . . . . . . . . . . . . . . . . . 126

				PROBLEMS 4.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

				SECTION 4.2: AVERAGE VALUE. VARIANCE. STANDARD DEVIATION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

				MEAN VALUE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

				VARIANCE AND STANDARD DEVIATION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

				PROBLEMS 4.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

				SUMMARY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

				CHAPTER 5: INEQUALITIES

				SECTION 5.1: QUADRATIC INEQUALITIES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

				CONCEPT OF INEQUALITIES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142 

				REVIEW OF LINEAR INEQUALITIES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142 

				QUADRATIC INEQUALITIES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143 

				PROBLEMS 5.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

				SECTION 5.2: RATIONAL INEQUALITIES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

				PROBLEMS 5.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158

				SECTION 5.3: SYSTEM OF INEQUALITIES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

				SYSTEM OF INEQUALITIES ONE OF WHICH LINEAR AND THE SECOND IS QUADRATIC . . . . . . . 160

				SYSTEM OF TWO QUADRATIC INEQUALITIES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

				PROBLEMS 5.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

				SUMMARY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166

				REVIEW EXERCISES FOR 8th  GRADE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168

				ANSWER KEY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173

			

		

	
		
			[image: ]
		

		
			[image: ]
		

		
			[image: ]
		

		
			
				REVIEW EXERCISES FOR

				5-7th GRADES

			

		

	
		
			[image: ]
		

		
			
				8

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			[image: ]
		

		
			
				review Exercises for 5-7th grades

			

		

		
			[image: ]
		

		
			
				A

				1.  Write expressions in exponential form.

				a.  b.  e.  	f. 

				
					[image: ]
				

				
					[image: ]
				

				g.  h. 

				
					[image: ]
				

				2.  Evaluate.

				a. 	b.  
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				c. 	d.  
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				e. 	

				3. Simplify. 

				a. 	b. 
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				c.  d. 
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				e. 	f. 
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				4.  Evaluate.

				a. 	b. 	c. 
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				d. 	e. 	f. 
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				5. Write numbers in scientific notaion.

				a. 200 002 b. 673 000 c. –2 700 000 d. 0.0000282

				e. 0.7654	f.0.00000000000099 

				6. Write numbers in standard notaion.

				a. 	b. 
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				c. 	d. 
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				7. Use the graphing method to solve each system. 

				a. 	b.
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				c. 

				8. Sketch the graph of the functions.

				a.  b. 
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				c. 

				9. Given function  . Fill the table.

				 

				
					x

				

				
					-9

				

				
					-6

				

				
					36

				

				
					0.5

				

				
					4

				

				
					72

				

				
					y

				

				
					-2

				

				
					1

				

				
					9

				

				
					-72

				

				10.  Factor (a-d) and expand (e-j).

				a. 	b. 
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				c. 	d. 
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				e. 	f. 
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				g. 

				h. 

				i. 

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

	
		
			[image: ]
		

		
			[image: ]
		

		
			
				9

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				review Exercises for 5-7th grades
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				j. 

				11. Expand.

				a. 	b. 
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				c. 	d. 
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				B

				12. Find the unknown number.

				a. 

				b. 	

				c.  

				d. 

				13. Perform the operations.

				a. 

				b. 

				c. 

				d.  

				14.  Find the last digits of numbers. 

				a. 	b. 

				
					[image: ]
				

				c. 	 d. 
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				15.  Simplify.

				a.  b.  
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				c.  d.  
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				e.  

				f. 	g.  
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				h. 	

				i. 	j. 
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				k. 	l. 
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				m.  

				16.  Simplify.

				a.  

				b. 

				c. 

				d.  

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

	
		
			[image: ]
		

		
			
				10

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			[image: ]
		

		
			
				review Exercises for 5-7th grades
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				e.  

				f.  

				17. Simplify

				a.  b. 
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				18. Use the elimination method to solve each system. 

				a. 	b. 
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				c. 	d. 

				
					[image: ]
				

				 

				19.  Calculate.

				a. , if 
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				b. , if 
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				c. , if 
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				d. , if 
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				20.  Expand.

				a. 

				b. 
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				c. 

				d. 

				C  

				21.  Evaluate

				a.  b.  
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				c.  d.  
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				22. Write expresions in terms of a and b. 

				a.  

				b.  

				 

				c.   

				23. Compare the following numbers.

				a.  and , where  
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				b.  and , where  
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				c.  and , where 
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				24. Solve.

				a.  

				b.  
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				c.  

				25. Simplify.

				a. 

				b. 

				26. Evaluate.

				a. 

				b.  

				c.  

				d. 

				27. Simplify.

				a. 

				b. 

				c. 

				d. 

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				28.  Calculate missing terms.

				a. 

				b. 

				c. 

				d. 

				29. The sum of two numbers is 4 and their product is 3. Find the sum of squares of these numbers.

				30. The sum of two numbers is 7 and their difference is 1. Find the difference of squares of these numbers.

				31. The difference of two numbers is 14 and the sum of their squares is 106. Find the product of these numbers.

				32. The sum of two numbers is 6 and the sum of their squares is 20. Find their product.

				33. The sum of squares of two numbers is 100 and their product is 48. Find the sum of cubes of these numbers.

				34. The sum of two numbers and the difference of their squares is 23. Find the difference of 
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				review Exercises for 5-7th grades

			

		

		
			[image: ]
		

		
			
				these numbers.

				35. The difference of two numbers is 4 and their product is 21. Find the sum of cubes of these numbers.

				36. The difference of two numbers is 11 and their product is 180. Find the difference of their cubes.

				37. The difference of two numbers is 2 and their product is 15. Find the difference of squares of these numbers.

				38. The difference of two numbers is 7 and their product is 78. Find the sum of their cubes.

				39. Simplify the rational expressions.

				a. 

					

				b. 

					

				c. 
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				40. Calculate. 

				a.  if

					

				b. What is the values of 

				if 	
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				SQUARE ROOTS AND IRRATIONAL EXPRESSIONS

			

		

		
			
				1.1 Real numbers. Square root

				1.2 Transform expressions containing square roots

				1.3 Function of the form , its graph and properties
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				Chapter 1
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				1.1

			

		

		
			
				REAL NUMBERS. SQUARE ROOTS
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				You will:
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				- learn concepts of irrational and real numbers;

				- know the definition of a square root;

				- apply the properties of square root;

				- estimate the value of the square root.

			

		

		
			
				The real number system evolved by expanding what we mean by the word “number”. At first, “number” meant something we could count, such as the number of sheep a farmer owns.

				These are called natural numbers.

				For example, 

				At some point, the idea of “zero” came to be considered a number. If the farmer does not have any sheep, then the number of sheep that the farmer owns is zero. So we call the set of natural numbers plus the number zero the whole numbers. 

				The set of whole numbers is the set of natural numbers and zero. It is denoted by W. 

				For example, 

				The set of integers is the set of natural numbers, zero and the negatives of the natural numbers. It is denoted by .

				For example, 
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				Recall that a simple fraction is a fraction with integers in its numerator and denominator. 

				For example, .

				A rational number is a number that can be expressed as a simple fraction, denoted by .

				The ancient Greeks was the first to discover that there are numbers that are not rational numbers. They called them irrational. An irrational number is not a rational number. The set of irrational numbers is denoted by . And any irrational numbers have the following properties:

				It cannot be expressed as a fraction.

				As decimals, they never repeat or terminate.
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				Fact
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				 (Pi) is a famous irrational number. We cannot write down a simple fraction that equals . The popular approximation of 3.14 is close but not accurate. Pi, in mathematics, the ratio of the circumference of a circle to its diameter. 
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				Understanding Real Numbers
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				Note

			

		

		
			
				A decimal is a fraction written in a special form. Instead of writing 1/2, for example, you can express the fraction as the decimal 0.5.
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				Rational and Irrational Numbers
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				CHAPTER 1

			

		

		
			
				When we combine irrational numbers with rational numbers, we finally have the complete set of real numbers. Any number representing an amount of something, such as a weight, a volume, or the distance between two points, will always be a real number. The following diagram illustrates the relationships of the sets that make up the real numbers.
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				The union of the set of rational and irrational numbers forms the set of real numbers, and the set of real numbers is denoted by . 
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				Real Numbers
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				Activity

			

		

		
			
				How do we know that certain numbers are irrational?

				If we evaluate  on a calculator, you will see a decimal approximation. One calculator shows 1.414213562. Another shows 1.41421356237. No matter how many decimal places the calculator shows, it is not enough to show the entire decimal because the decimal for  is infinite and does not repeat. 
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				So, try to find the irrational numbers among the given numbers:
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						Terminology
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				Decimal number – ондық бөлшек/ десятичная дробь

				Integer – бүтін сан/ целое число

				Irrational number – иррационал сан/ иррациональное число

				Natural number – натурал сан/ натуральное число

				Rational number – рационал сан/ рациональное число

				Real number – нақты сан/ действительное число

				Whole number – теріс емес бүтін сан/ неотрицательное целое число

			

		

		
			
				For examples, 
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				16
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				When we express a number as the product of two equal factors, that factor is called the square root of the number.

				For example,

				How do you find the length of one side of a square with the given area?

				First, let's show a solution for the square with an area of 16 cm2. We want to find the length of its sides. Let’s take the unknown sides of the square as a.

				To find the side length, determine what positive number multiplied by itself, equals 16.

				The square root of 16 is 4, or this is written .

				So, we can see that subtraction is the opposite of addition, and the square root is the opposite of squaring.
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				Understanding Square Roots
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					Definition

				

			

		

		
			
				If  then a is the square root of b.
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				We use the symbol , called radical, to denote the square root of a number.  is read as ‘the square root of b’. So if  then .
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				Here are the square roots of all the perfect squares from 1 to 100.

			

		

		
			
				The equation  can be stated as the question, ‘What number multiplied itself is 9?’ There are two numbers 3 and –3.
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					Note

				

			

			
				
					Note that!

					It is also true that , but a negative number is impossible in this problem.
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					Fact
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					Put any positive number into your calculator. Take the square root. Continue to take the square root; eventually, you will always get 1.
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				For example, 

				We can conclude that the square root of any real number will always be greater than or equal to zero.  is undefined. Negative numbers have no square root because the square of any real number cannot be negative.
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				If  then 
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				In other words, if x is a non-negative real number, then , and if x is a negative real number, then .
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				Rule

			

		

		
			
				Evaluate each square root.

				a. 	b. 	c. 	d. 
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				e. 	f. 	g. 	h. 
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				Solution: 

				To simplify a square root, we remove anything that is a "perfect square". That is, you take out front anything that has two copies of the same factor:

				a. 	b. 

				
					[image: ]
				

				c. 	d. 
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				e. 	f. 

				
					[image: ]
				

				g. 	h. 
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				Example 1
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				Practice 1

				Evaluate each square root.

				a. 	b. 	c. 	d. 
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				e. 	f. 	g. 	h. 
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						Terminology
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				Square root – квадрат түбір / квадратный корень
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					Discuss with your friends. What is meant by a perfect square? Give an example.

				

			

			
				
					Discussion
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				Activity

			

		

		
			
				A student said that since the square roots of a certain number are 1.4 and –1.4, the number must be their product, –1.96. What error did the students make?
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				CHAPTER 1
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				Evaluate each square root.

				a. 	b. 	c. 	d. 
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				e. 	f. 	g. 	h. 
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				Solution: 

				a. , because 	
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				b. , because 
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				c. , because 	
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				d. Firstly, we find , and then we will multiply it by –1. So, 
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				e. 	

				f.  is undefined. Remember that the square of any real number cannot be negative.

				g. By using the rule, 

				 or   
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				Example 2
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				Properties of Square Roots

			

		

		
			
				For any real number a and b, where , and ,
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					Property 1
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				Activity

			

		

		
			
				 Color each box that has a perfect square yellow. Then, find the square root. If the box does not contain a perfect square, color the box orange. 
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				For example, 
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				Note

			

		

		
			
				Remember that!
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				Practice 2

				Evaluate each square root.

				a. 	b. 	c. 	d. 
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				e. 	f. 	g. 	h. 
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				Note

			

		

		
			
				If  then
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				Practice 3

				Evaluate each square root.

				a. 	b. 	c. 	d. 
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				Practice 4

				Evaluate each square root.

				a. 	b. 	c. 	d. 
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				Simplify each of the following.

				a. 	b. 	c. 	d. 
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				Solution: 

				By using Property 1, we can simplify the expressions. So, 

				a. 	

				b. 

				c. 

				d. 
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				Simplify each of the following.

				a. 	b. 	c. 	d. 
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				Solution: 

				By using Property 1, we can simplify the expressions. So, 

					

				b. 

				c. 

				d. 
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				Example 3

			

		

		
			
				Example 4

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				
					[image: ]
				

				
					[image: ]
				

				
					
						Terminology
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				Property - қасиеті/ свойства

				Undefined - анықталмаған/ неопределенный

			

		

		
			
				
					Real life
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					 Suppose you use a copying machine to re-duce a picture for a proj-ect. Let’s say you want to reduce a picture to half size, which is 50 per-cent. Most copiers can only reduce to 69 per-cent. So if you take the square root of 50 per-cent you get 71 percent. Set the copier to 71 per-cent, copy the picture once, and then copy the COPY. That's 0.71 times 0.71 equals 0.5 or 50 percent! 
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				For any real numbers a and b, where , and , 
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					Property 2
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				For example,
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				Note
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				Simplify each of the following.

				a. 		b. 	c. 	d. 
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				Solution: 

				By using Property 2, we can simplify the expressions. So, 

				a. 

				b. 

				c. 

				d. 
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				Example 5
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				Practice 5

				Evaluate each square root.

				a. 	b. 	c. 	d. 
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				If  then

				
					[image: ]
				

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

			

		

	
		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				21

			

		

		
			[image: ]
		

		
			[image: ]
		

		
			[image: ]
		

		
			
				For any non-negative real number a  and ,
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					Property 3
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				Simplify each of the following.

				a. 	b. 	c. 

				
					[image: ]
				

				Solution: 

				a. At first, we use Property 1 to multiply the square roots. So,  

				Then, we use Property 2 to simplify the expressions:

				b. Firstly, change to improper fraction:

				Therefore, 

				 

				c. As we know that . Therefore, 
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				Example 6
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				Practice 6

				Evaluate each square root.

				a. 	b. 	c. 
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				Proof: 
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				By discussing with your friends, try to find the two-digit number with the square sum of its digits equal to the number obtained by reversing its digits.

			

		

		
			
				Discussion
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				CHAPTER 1
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					Real life
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					GPS and mapping use square roots all the time to figure out where you are! 

					
						[image:  Map pin flat above blue tone city scape and network connection concept
]
					

				

			

			
				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				For example,
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				Evaluate:

				 

				Solution: 

				By using Property 3, we can calculate the expressions. So, 
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				Example 7
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				Practice 7

				Evaluate:

				1. 

				2. 

				3. 
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				Estimating the value of Square Roots 

			

		

		
			
				It is easy to work out the square root of a perfect square, but it is hard to work out other square roots. One way to estimate the square root of any number is to find a whole number greater than the square root and another whole number less than the square root.

			

		

		
			
				 Estimate the square root of 2.

				Solution:

				Let’s first find two consecutive natural numbers, which are smaller and bigger than .  because , 
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					Example 8
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				Practice 8

				1. Estimate the square root of 17 to 3 decimal place.

				2. Estimate the radical number  to 2 decimal place.

				3. Estimate the square root of 102 to 2 decimal place.
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				For approximation of square root we also can use formula , where  is a given square root and  is the nearest perfect square to c.
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				Practice 9

				1. Calculate the approximation of square root 50.

				2. Calculate the approximation of square root 1700.

			

		

		
			
				 Calculate the approximation of square root 28.

				Solution:

				By the formula
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					Example 9
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				so  lies between 1 and 2.

				For more accuracy we will try  since . So  is approximately between 1.4 and 1.5 with accuracy 1 decimal place (0.1).
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				In the same way
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						Terminology
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				Estimating the value of square roots - квадраттық түбірлер мәнің бағалау/ оценка значений квадратных корней

			

		

		
			
				CHAPTER 1
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				PROBLEMS

			

		

		
			
				1.1
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				A

				1. Which of these sets does not contain rational numbers.

				a. 

				b. 

				c. 

				d. 

				2. What is the best classification for –6?

				a. whole number, integer, real number

				b. integer, rational number, real number

				c. rational number, real number

				d. irrational number, real number

				3. Which of the following square roots is an irrational number?

				a.  b.  c. 	d. 
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				4.  Evaluate the square roots.

				a. 	b. 	c.  
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				d.	e. 	f.  

				
					[image: ]
				

				g. 	h.	i.  k. 	l. 	m.  
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				5.  Simplify the expressions.

				a. 	b. 
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				c. 	d. 	
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				e. 	f. 
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				6.  Simplify the expressions.

				a. 	b. 
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				c. 	d. 	
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				e. 	f. 
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				g. 	h. 
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				7.  Evaluate each square root.

				a. 	b. 
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				c. 	d. 	
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				e. 	f. 
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				8.  Evaluate each square root.

				a. 	b. 
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				c. 	d. 
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				9.  Evaluate

				a. 	b. 
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				c. 	d. 
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				e. 	f. 
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				10. Solve the equation, if x > 0.

				a. 	b.  
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				c. 	d.  
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				e.  f. 
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				11.  Estimate each value to the nearest hundreds. 

				a.  b.  c.  d.  e. 
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				B

				12. Classifying Real numbers. Write each number in the correct location on the Venn Diagram of the real number system. Each number should be written only once.
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				13.  Calculate.

				a. 	b. 
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				c. 	d. 

				
					[image: ]
				

				14.  Simplify the expressions.

				a. 	b. 
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				c. 	d. 
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				e. 	f. 
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				15. Estimate each number nearest to ones. 

				a.  b.  c.  
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				d.  e. 
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				C

				16. Given that , does ? Explain.
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				17.  Calculate.

				a. 

				b. 
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				c. , if z = –30 and k = 10

				d. Determine the value of y, if 

				e. , if z = 19 and k = 10

				18. Simplify the expressions.

				a. 

				b. 

				19. Solve the equations (x>0, y>0).

				a. 	b.  
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				c. 	d.  e.  f. 
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				20. Simplify the expressions. 

				a. 

				b. 

				c. 

				d.  

				21. Estimate each number nearest to ones. 

				a.  b.  c.  
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				d.  e. 
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				1.2

			

		

		
			
				TRANSFORM EXPRESSIONS CONTAINING SQUARE ROOTS
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				You will:
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				- know how to convert mixed radical into pure radical and pure radical to mixed;

				- know how to rationalize denominators;

				- apply the properties of the square roots to simplify expressions involving square roots;

				- learn how to compare real numbers.

			

		

		
			
				Working with Pure and Mixed Radicals
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					Definition

				

			

		

		
			
				A mixed radical is a radical of the form  , where x is a rational number except -1, 0, 1.
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				For any real numbers a and b, where  and ,
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					Property 4
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				Write the numbers as mixed radicals.

				a. 	b. 	c. 		d. 
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					[image: ]
				

				Solution:

				At first, we factor using the greatest perfect square by using property 4 and then simplify.

				a. 
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				Example 1
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				For example,

				-  and  are mixed radicals.
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				-  and  are pure radicals.
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				We can convert between mixed and pure radical numbers to simplify radical expressions.
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				For example, 
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				A radical expression is an expression of the form .
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				Square roots have index 2. However, we usually write square roots in their shorter form, :
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					Discuss with your friend agree or disagree with each statement, and explain your decision.

					1. Every real number has only one square root.

					2. The radicand of a mixed or pure radical can never be a negative number.

				

			

			
				
					Discussion
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				CHAPTER 1

			

		

		
			
				Write the numbers as pure radicals.

				a. 	b. 	c. 		d. 
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				Solution:

				We can convert a mixed radical as a pure radical, by writing the leading number as a radical, then multiply the radicands.

				a. 

				b. 

				c. 

				d. The radicand cannot be negative. So, we write the expression as the product of -1 and a mixed radical. Then we can convert a mixed radical into a pure radical.
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				Example 2
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				Practice 1

				Write the numbers as mixed radicals.

				a.  b. 	c.  d.  e. 
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				Practice 2

				Write the numbers as pure radicals.

				a.  b. 	c.  d.  e. 
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				b. 

				c. 

				d. 
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				Operations with Square Roots

			

		

		
			
				A. Adding and Subtracting Square Roots

			

		

		
			
				Adding or subtracting radicals is the same concept as adding or subtracting similar or "like" terms. The index and the radicands must be the same.
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					Look at Example 1, and answer the following questions:

					1. Why does using only the principal square root in this situation make sense?

					2. Why do you think we wrote the radicand as a product of perfect squares by any real numbers?

					3. Did we convert these pure radicals into mixed radicals in the simplest form? Explain how you know.

				

			

			
				
					Discussion
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						Terminology
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				Convert - түрлендіру/ конвертировать

				Like terms - ұқсас мүшелер/ подобные члены

				Mixed – аралас/ смешанный

				Pure – таза/ чистый

				Radical - түбір/ корень
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				Simplify the expressions.

				a. 	b. 	c. 	d. 
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				Solution:

				As we can see, in this example the radicals are the same. Therefore we can add or subtract the values in front of the radical signs. Do not add or subtract the radicands.

				a. 

				b. 

				c. 

				d. 
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				Example 3

			

		

		
			
				Example 4
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				For any non-zero real numbers a, b and x

				 or 
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					Property 5
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				Note

			

		

		
			
				Common mistake!
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				Practice 3

				Simplify the expressions.

				a.  b.  c. 
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				Research
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				 For any natural n,

				is also natural. Check it!

				1. Choose random number n and check if

				is natural

				2. Think how can you group the

				 to show that it is perfect square.
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					Discuss with your classmates. How would calculate  be the same as adding ?
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					Discussion
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					Simplify the expressions.

					a. 	b. 
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					Solution:

					In each example, the radicals are not the same. So, we must simplify the square roots. If the radicands are the same, then add or subtract the same terms in front of each, like radical. If the radicands are different, we can not add or subtract the radicals.
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				Practice 4

				Simplify the expressions.

				a.  b. 
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				We used the product property of square roots to multiply expressions containing square roots: .

				The following steps are required for multiplying the square roots with more than one term:

				Step 1: Distribute or FOIL to remove the parenthesis.

				Step 2: Simplify the square roots.

				Step 3: Combine like terms.
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				B. Multiplying the Square Roots

			

		

		
			
				Perform the operations.

				a. 	b. 
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				c. 

				Solution: 

				a. 

				Step 1: Distribute to remove the parenthesis:

				Step 2: Simplify the square roots. In this case, we can not simplify the square roots.
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				Example 5
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					Note

				

			

			
				
					Distribution involves multiplying each term in a group of terms by a term outside of the grouping.

					For example, 

					
						[image: ]
					

				

			

			
				
					[image: ]
				

				
					[image: ]
				

			

			
				[image: ]
			

		

		
			
				
					[image: ]
				

				
					[image: ]
				

				
					
						Terminology
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				Require - талап ету/требовать

			

		

		
			
				CHAPTER 1
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					Note

				

			

			
				
					FOIL method

					A handy way to remember how to multiply two binomials.

					It stands for "First, Outer, Inner, Last"

					It is the sum of:

					· multiplying the First terms,

					· multiplying the Outer terms,

					· multiplying the Inner terms, and

					· multiplying the Last terms
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				Practice 5

				Perform the operations.

				a. b. c.
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				d. 	e.  f. 
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				Example 6
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					Step 3: Combine like terms. In this case, there are no like terms.

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

			

			
				[image: ]
			

		

		
			
				
					Multiply and simplify.

					a. 		b. 

					
						[image: ]
					

					c. 	

					Solution:

					a. 

					Step 1: We use the FOIL method to remove the parenthesis.

					Step 2: Simplify the square roots. In this case, we can not simplify the square roots.
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				Practice 6

				Perform the operations.

				a.	b.  c. 
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				Example 7
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				CHAPTER 1
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				Note

			

		

		
			
				Note that some special products made our work easier when we multiplied binomials earlier. This is true when we multiply square roots, too. The special product formulas we used are shown below. 

				Square of a Sum:

				Square of a Difference:

				Difference of Squares:
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					Step 3: Combine like terms. In this case, there are no like terms.
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					Simplify the expressions.

					a.  b. 
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					c. 

					Solution:

					a. 
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				Practice 7

				Perform the operations.

				a.  b.  
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				Let a, b, m and n be four real numbers, satisfying  and , . Then
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				1. 	2. 
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					Property 6
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				Proof 1: 

				1. In order to verify these expressions, suppose that 

				Therefore,
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					Activity

				

			

			
				
					 We can prove the second part

					in the same way. Try it yourself.
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				Practice 8

				Simplify the expressions. Use the Property 6 to help you.

				a. 	b. 	c. 

				
					[image: ]
				

				d. 	e. 	f. 

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				Simplify the expressions. Use the property 6 to help you.

				a. 	b. 	c. 
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				d. 	e. 	
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				Solution:

				a. 

				b. 

				c. 

				d. 

				e. We need 2 in front of  before we can use the property. Therefore, let us multiply the expression by .
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				Example 8
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						Terminology
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				Satisfying - қанағаттандыратын/ удовлетворяющий

				Suppose - айталық/ предполагать

			

		

		
			
				CHAPTER 1
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				Comparing Real Numbers

			

		

		
			
				For any positive real numbers a and b, if  then .
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					Property 7
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				Compare the following numbers.

				a.  b.  c. 
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				Solution:

				a. 

				b. 

				c. 
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				Example 9
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				Practice 9

				Compare the following numbers.

				a. 	b. 
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				c. 	d. 
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				Look at the numbers  and . 
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				They are all fractions, and each fraction has an irrational number as the denominator. In math, we work with fractions with a rational number as the denominator is easier.
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				Rationalizing Denominators
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						Definition

					

				

			

			
				
					Changing the denominator of a fraction from an irrational number to a rational number is called rationalizing the denominator of the fraction. Rationalizing the denominator does not change the value of the original fraction. 
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				To rationalize the denominator containing one term, we use the following steps:

				Step 1: To rationalize the denominator, you need to multiply both the numerator and denominator by the radical found in the denominator.

				Step 2: Multiply both the numerator and the denominator. 

				Step 3: Simplify the radicals.

				Step 4: Simplify the fraction, if necessary.

			

		

		
			
				Rationalize the denominators.

				a. 	b. 	c. 		d. 
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				Solution:

				a. Step 1: To rationalize the denominator, you need to multiply both the numerator and denominator by the radical found in the denominator. 

				Step 2: Multiply both the numerator and the denominator. 

				Step 3: Simplify the radicals. 

				Step 4: Simplify the fraction, if necessary. In this case, the we cannot simplify, so the answer is:

				b. 

				c. 
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				Example 10
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				Activity
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						Terminology
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				Denominator - бөлшектің бөлімі/ знаменатель

				Numerator - бөлшектің алымы/ числитель

				Rationalizing denominators – бөлшектің бөліміндегі иррационалдықтан құтылу/ избавление от иррациональности в знаменателе дроби

			

		

		
			
				CHAPTER 1
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					 Work in Pair!

					Find the mistake in the students work.
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				Practice 10

				Rationalize the denominators.

				a.  b. 	c.  d. 
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				Rationalize the denominators.

				a. 	b. 	
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				Solution:

				a. 

				Step 1: To rationalize the denominator, you must multiply both the numerator and the denominator by the conjugate of the denominator. 
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				Example 11
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					Definition

				

			

		

		
			
				An expression with exactly two terms is called a binomial expression. Two binomial expressions whose first terms are equal and last terms are opposite are called conjugate, i.e.  and  are conjugate.
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				To rationalize the denominator containing two-term, we use the following steps:

				Step 1: To rationalize the denominator, you must multiply the numerator and the denominator by the conjugate of the denominator. 

				Step 2: Use the distribute or FOIL method, both the numerator and the denominator. 

				Step 3: Combine like terms.

				Step 4: Simplify the radicals and combine like terms. Simplify the fraction, if necessary.

			

		

		
			
				Rationalizing Denominators with two terms
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				Research problem
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				Check the equality for:
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				Find the relation between a and b to be the  true, where 
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				a. Take both sides of equality to square

				b. Find relation between a and b.

				c. Show that your research is right by checking some of your numbers 
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				Practice 11

				Rationalize the denominators.

				a.  b. 	c. 
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				Step 2: Use the distribute or FOIL method both the numerator and the denominator. 

				Step 3: Combine like terms.

				Step 4: Simplify the radicals and combine like terms. Simplify the fraction, if necessary.
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				CHAPTER 1
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				PROBLEMS
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				A

				1. Find the mixed radicals.

				a.  b.  
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				c.  d. 
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				2. Write the number as pure radicals.

				a.  b.  c.  
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				d.  e. 
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				3. Rationalize the denominators.

				a. 	b.  
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				c. 	d. 
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				e. 	f. 
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				g. 

				4. Perform the operations.

				a. 

				b. 

				c. 

				d. 

				5. Simplify the expressions. 

				a.  b.  c. 
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				6. Multiply and simplify square roots.

				a. 	b. 
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				c. 

				d. 
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				7. Simplify.

				a. 	b. 
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				c.  d. 
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				8. Compare the real numbers.

				a.  b. 
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				9. Find the mixed radicals.

				a.  b. 	
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				c.  d. 	
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				10. Write the mixed radical as pure radical.

				a.  b.  
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				c.  d.  
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				11. Rationalize the denominators.

				a. 	b.  
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				c. 	d. 
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				12. Perform the operations.

				a. 

				b. 

				c. 

				d. 

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

	
		
			[image: ]
		

		
			
				39

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			[image: ]
		

		
			
				13. Simplify the expressions. 

				a.  b.  c. 
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				14. Multiply and simplify square roots.

				a.  

				b. 

				c.  

				d. 

				15. Simplify the followings.

				a. 

				b. 

				c. 

				d. 

				16. Compare the real numbers

				a. 

				b. 

				c. 

				d. 

				C

				17. Find the mixed radicals.

				a. 	b. 
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				c. 	d. 	
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				18. Write the mixed radical as pure radical.

				a. 	b.  
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				c. 	d.  
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				19. Simplify.

				a. 	b.  
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				c. 	

					

				d. 

				20. Perform the operations.

				a. 

				b. 

				21. Simplify the expressions. 

				a.  b.  c. 
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				22. Multiply and simplify square roots.

				a.  

				b. 

				c.  

				23. Simplify.

				a. 

				b. 

				c. 

				d. 

				24. Compare the real numbers.

				a. 	b. 
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				c. 	d. 
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				1.3

			

		

		
			
				Function of the form . Its graph and Properties
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				The most common radical function we consider is the square root function, whose parent function is

				As we know form the 7th grade, in the parabola , the coordinate pairs are . We can see from Figure 1.3.1 that the following points are on the graph: , , , ,  and so on. 
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				The graph of the square root function is related to . It is its inverse i.e.  or . The coordinate pairs are . For example, , , ,  and so on. Marking these three obtained points on a coordinate system gives us the graph of the square root function (Figure 1.3.2).
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				Remember that the square root function is only defined for non-negative values of x, since the square root of a negative number is not a real number.
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					You will:
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					- know properties of  function and draw the graph;

					- find the values of the function from the given values of the argument and find the values of the argument from the given values of the function.
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				The solution to the equation  is sometimes written as . Explain why the inverse of  cannot similarly be written as  in order to use all reals as the domain of .
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				Discussion
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				CHAPTER 1

			

		

		
			
				Find the domain of each function.

				a. 	b. 
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				Solution:

				a. For a function , x can take any values, except negative. Therefore we can say that domain is .
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				b. For a function , x can take any values, that make the expression under radical nonnegative. I.e. 
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				Example 12
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						Terminology
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				Domain - анықталу облысы/ область определения

				Function - функция

				Range - мәндер облысы/ область значения

			

		

		
			
				Use the coordinate pairs  and the graph of square root function (Figure 1.3.2) to answer the following questions:

				1. The domain of the square root function is given by

				2. The range of the square root function is given by

				3. Describe the end behavior of the square root function .

				4. If , then

				Is it true that ? Explain your reasoning.

				Will the graph of the square root function increase or decrease?

				As we conclude from the investigation, in general, the square root function has the following properties:

				1. The domain of the square root function is given in interval from by: 

				2. The range of the square root function is given in interval from by: 

				3. The graph of the function  starts from origin , and then tends to infinity .
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				4. Since the large value of the function  correspond to the large value of the agrument , we see from the graph that the function  is an increasing function.
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					Note

				

			

			
				
					Remember that the graphs of square root functions are always curved, and the square root function only utilizes the positive square root. It would not be a function if both positive and negative square root values were used.
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				Fact
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				In programming language  is written as "sqrt (x)".
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				Practice 12

				Find the domain of each function. 

				a. 	b. 
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				c. 	d. 
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				Find the range of each function.

				a. 	b. 
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				Solution:

				a. For a function , 
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				Therefore we can say that range is .

				b. For a function , 
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				Therefore, .
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				Example 13
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				Practice 13

				Find the range of each function 

				a. 	b. 
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				c. 	d. 
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				Therefore we can say that domain is . 
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				Practice 14

				Evaluate function  or x for the given input and output values.

				a. 	b. 	c. 
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				d. 	e. 	f. 
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				Evaluate function  or x for the given input and output values.

				a. Find  when 
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				b. Find  when 
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				c. Find  when 

				
					[image: ]
				

				d. Find x when 

				e. Find x when 

				Solution:

				a. 

				b. 

				c. 

				d. 

				e. 
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				Example 14
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				You can think of a function as input-output machine. We can write a function of length of a square with given area value. It is .

				If you input a value x, the output is . If we wanted to know side length of a square of area 6, we could input 6 for x and find the output. Then output is . This is called evaluating the function.
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				Values of square-root functions
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				1. A ________ is a function that contains a radical expression with the independent variable in the radicand.

				2. Is  a square root function? Explain.

				3. How do you find the domain of a square root function?

				4. Match the function with its graph. Describe the domain and range.
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				5. Which points belong to the graph of function .

				a.  b. 	
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				6. Find the domain of each function.

				a. 	b. 
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				7. Find the range of each function.

				a.  

				b. 

				c. 

				8. Draw the graph the function. Describe the domain.

				a. 	b. 
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				C

				9. Without graphing, determine which function's graph rises more steeply,  or . Explain your reasoning. 
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				10. Draw the graph each function. 

				a. 	b.  
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				11. What radical functions are represented by the curves drawn on each image?

				12. Find the domain of each function. 

				a. 	b. 
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				13. The velocity v (in meters per second) of a tsunami can be modeled by the function , where x is the water depth (in meters). Draw the graph of the function. At what depth does the velocity of the tsunami exceed 200 meters per second?
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				Understanding Real Numbers

				 is the set of natural numbers.

				 is the set of whole numbers.

				 is the set of integers.

				 is the set 

				of rational numbers. Every rational number can be written as a repeating or terminating decimal.

				Numbers whose decimal forms do not repeat and do not terminate are called irrational numbers. The set of irrational numbers is denoted by .

				The union of the set of rational numbers and the set of irrational numbers is called the set of real numbers. It is denoted by .

				Understanding Square roots

				If  then a is the square root of b. So if  then .
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				If  then 
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				In other words, if x is a non-negative real number, then , and if x is a negative real number, then .
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				properties of Square roots

				()

				1. 

				2. 

				3.  

				4. 

				5. 

				6. 

				7. If  then 
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				Quadratic Equations

			

		

		
			
				2.1 Quadratic trinomials

				2.2 Quadratic equations

				2.3 Solving equations. Word problems
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				Quadratic Trinomials
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					- understand the concept of the root of a quadratic trinomial;

					- complete a perfect square from a quadratic trinomial;

					- perform factorization of quadratic polynomial.

				

			

		

		
			
				For example, 

				,  and  are quadratic trinomials.
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				In algebra, such trinomials often arise in the form of quadratic equation . The solutions to this equation are called the roots of the quadratic trinomial. 
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				Quadratic trinomials

			

		

		
			
				Factoring quadratic trinomials

			

		

		
			
				A. Factoring Trinomials of the Form 
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					Definition

				

			

		

		
			
				A quadratic trinomial is a polynomial expression with three terms that are raised to the power of 2. In other words, it is a polynomial of the form , where a, b and c are constants and x is a variable. The expression is called quadratic because it has an x2 term and it is called a trinomial because it has three terms. 
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				As we know, a quadratic trinomial is a trinomial of degree 2. However, we may be able to factorize a quadratic trinomial, or it may be irreducible. So let us look at some general strategies for factorization.

			

		

		
			
				Factorize the trinomials.

				a. 	b. 	c. 

				
					[image: ]
				

				Solution:
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				Example 1
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				We can follow a procedure to factorize a reducible quadratic trinomial  into two binomials:

				1. Write x as the first term of each binomial

				2. Find two factors of c whose sum is b.
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					Note

				

			

			
				
					With any factoring problem, remember that you can check your result by multiplying. For

					instance, in Example 1, you can check the result by multiplying  by to  see that you obtain .
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				B. Factoring Trinomials of the Form 
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				If the leading coefficient of a quadratic trinomial does not equal 1, we can use a different procedure to find the two binomial factors:

				1. Factor the first term, ax2, and use each factor as the first term of each binomial factor

				2. Find two factors of c which will be used as the second terms of the binomial factors

				3. Use the binomial factor obtained in steps 1 and 2 to get the middle term, bx.

			

		

		
			
				Factorize the trinomials.

				a. 	b. 

				
					[image: ]
				

				Solution:

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

				
					[image: ]
				

			

		

		
			[image: ]
		

		
			
				Example 2
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				Practice 1

				Factorize the trinomials.

				a. 	b. 	c. 
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							Terminology
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					Irreducible - жіктелмейтін/ неприводимый

					Leading coefficient - бас коэффициент/ старший коэффициент

					Procedure - тәртіп/ процедура

					Quadratic Trinomial - квадрат үшмүше/ квадратный трехчлен

					Root - түбір/ корень

				

			

		

		
			
				CHAPTER 2
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					Activity

				

			

			
				
					Work in pair.

					Use the diagram shown below. 

					a Explain how the diagram models the factorization

					b. Draw a diagram that models the factorization
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				Practice 2

				Factorize the trinomials.

				a. 	b. 	c. 
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				We can also use a different menthod to find the factors of a quadratic trinomial. Let  be given. To factor it, follow the steps.

				1. Find two numbers m and n such that  and .
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				2. Then write  and factorize by grouping. 
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				Factorize the trinomials.

				a. 	b. 
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				Solution:

				a. 

				 and . Therefore,  and .
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				b. 

				 and . Factors of –18: . Therefore,  and . 
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				So,

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			[image: ]
		

		
			
				Example 3
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					Note

				

			

			
				
					It will help to put a polynomial in standard form before trying to factor by grouping. The group and remove a common monomial factor from the first and last two terms. Finally, factor out the common binomial factor.
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					Discussion
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					Discuss with your friends. Is 

					completely factored? Explain your reasons. 
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				So, .
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				Practice 3

				Factorize the trinomials by grouping method.

				a.  b.  c. 
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				Practice 4

				Factorize the trinomials by completing the square.

				a.  b.  c. 
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				We can factorize some trinomials by adding or subtracting a suitable expression. When we add or subtract an expression, we are trying to obtain a perfect square. Factoring trinomials like this is called completing the square. Look at the procedure for completing the square.

				The polynomial  is given:

				1. Find the half of the coefficient of the term containing x: 

				2. Add and subtract the square of the number found in step 1: .

				So we can get
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				Factorize by completing the square: .

				Solution:
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				Example 4
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				2. Completing the square
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						Terminology
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				Suitable - ыңғайлы/ подходящее
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				Discuss with your friends to identify the error. 
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				A

				1. The solutions of the equation  are its ________.	

				2. Fill the missing factor.

				a. 	

				b. 

				c. 	

				d. 

				e. 

				f. 

				3. Fill the missing factor.

				a. 	

				b. 

				c. 	

				d. 

				4. Factor the trinomial by factoring method of the form .

				a. 	

				b. 	

				c. 

				d. 

				e. 

				f. 
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				5. Factor the trinomial by factoring method of the form .

				a. 

				b. 

				c. 	

				d. 

				e. 	

				f. 

				6. Factor the trinomial by grouping.

				a. 	

				b. 

				c.   

				d. 

				e. 	

				f. 

				7. Factorize the trinomial by completing the square.

				a. 	

				b. 

				c.   

				d. 

				e. 	

				f. 
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				B

				8. Find all integers of b such that the trinomial can be factored.

				a. 

				b. 

				c. 

				d. 

				e. 

				f. 

				9. Find two integers c such that the trinomial can be factored. (There are many correct answers.)

				a. 

				b. 

				c. 

				d. 

				e. 

				f. 

				10. In which values of x, the quadratic trinomials will be zero.

				a. 

				b. 

				c. 

				d. 

				e. 

				f. 
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				C

				11.  Find some the integer values of x that make  prime.

				12. What is the value of  if ?
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				13. What is the value of  if ?
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				14. What is the value of  if ?
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				15. What is the sum of the possible values of m of  is a reducible rational expression?

				16. A rectangle has area and width as indicated in the figure. Find the length of the rectangle.

				17. A circle has area as indicated in the figure. Find the radius of the circle.
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				2.2

			

		

		
			
				Quadratic Equations
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				You will:
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				- know the definition of quadratic equation;

				- distinguish the types of quadratic equations;

				- solve quadratic equations;

				- apply the Vieta’s theorem.

			

		

		
			
				Quadratic (or second-degree) polynomials are polynomials of the form , where  and .
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				In this section, we will learn quadratic equation and its types, study the methods of solving quadratic equations.

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				For example,

				 and  are all quadratic equations. By the definition of a quadratic equation, a cannot be zero. However b or c or both may be zero. For instance,
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				,  and  are also quadratic equations. 
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				Quadratic Equation
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					Definition

				

			

		

		
			
				A quadratic equation is an equation that can be written in the standard form , where a, b and c are real number coefficients and x is a variable, and .
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				Note

			

		

		
			
				We can see that second-degree polynomials form quadratic equations, but polynomials of different degrees do not form quadratic equations.
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				Find the coefficients of a quadratic equation and complete the table.
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				Example 1
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					Equation
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					c

				

				
					
						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

					

				

				
					
						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

					

				

				
					
						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

					

				

				
					
						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

					

				

				
					
						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

					

				

				
					
						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

					

				

				Solution:

				
					Equation

				

				
					a

				

				
					b
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				Real life

			

		

		
			[image: ]
		

		
			
				Balls, Arrows, Rockets and Stones.

				When you throw a ball (or shoot an arrow, fire a missile or throw a stone), it goes up into the air, slowing as it travels, then comes down again faster and faster. And a quadratic equation tells you its position at all times!
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				CHAPTER 2

			

		

		
			
				History
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				To the best of our knowledge, the origin of the term ‘quadratic’ is Latin. It is derived from quadratus, the past participle of the quadrant that means ‘to make square’. Part of the word is connected to the Latin word for ‘four’: it refers to a square, and a square is a regular four-sided figure.
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				Determine whether the following equations are quadratic or not.

				a. 	b. 	c. 	d. 	e. 	
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				Solution:

				a), b) and e) are quadratic equations. Equation c) is not quadratic, since the power of x is –1, which does not meet the requirements. Equation d) is a third-degree equation, so it is not quadratic.
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				Example 2
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				Practice 1

				Complete the table.

			

		

		
			
				Practice 2

				Determine whether the following equations are quadratic or not.

				a. 	b. 
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					Equation
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				Activity

			

		

		
			
				Use the words in the box below to help you fill in the blanks.

				Variable, known, unknown, second, standard form, quadratic equation, square.

				1. A____________ is a polynomial equation of the ________ degree.

				2. The name quadratic comes from “quad” meaning _________, because the _________ get squared (like ).

				3. The _____________ of a quadratic equation is: , a, b and c are __________ values and a can’t be zero.

				4. “” is the variable or ___________, because we don’t know yet it.
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						Terminology
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				Quadratic equation – квадраттық теңдеу/квадратное уравнение

				Requirement – талап/требование

				Variable – айнымалы/переменная
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				To solve a quadratic equation, we must find the values of the unknown variables, which make the left-hand and right-hand sides equal. Such values are called the solutions or roots of the quadratic equation. Some techniques are available to help us obtain a solution to any quadratic equation.

				In the following topic, we will learn to solve quadratic equations by types.

			

		

		
			
				It is known that if the product of two quantities equals zero, at least one of the quantities equals zero, i.e. if  then  or . We call this property as “zero product property”. We often will use the this property to find values of unknown variables.

				
					[image: ]
				

				Let us find the roots of the simple quadratic equation .
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				We can see that this equation has two equal roots. When the roots of a quadratic equation are the same, we say that the equation has a double root.

			

		

		
			
				Solving Quadratic Equations

			

		

		
			
				Solving equations of the form 

				
					[image: ]
				

			

		

		
			
				Solve the equations.

				a. 	b.  c. 
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				Solution: 

				a. 

				b. 

				c. Let's rewrite the equation so that the left-hand side equals zero. So,
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				Example 3
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				Note

			

		

		
			
				Note

			

		

		
			
				Zero product property.

				If , then  or 
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				To solve a quadratic equation means to find the roots of the quadratic equation!
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				Recall factoring polynomials by “taking out a common factor”. In this topic, we will use this method to factorize the left-hand side of an equation.

				Let us look at the solution of .
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				This kind of quadratic equation has two distinct roots and one of them is always zero.

			

		

		
			
				Solving equations of the form 
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				Solve the equations.

				a. 	b. 
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				c. 

				Solution:
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				Example 4
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				History
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				It is often claimed that the Babylonians (about 400 BC) were the first to solve quadratic equations. In about 300 BC, Euclid developed a geometrical approach which, although later mathematicians used it to solve quadratic equations, amounted to finding a length which, in our notation, was the root of a quadratic equation.

				If a ⋅ b = 0, then a = 0 or b = 0.
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				Note

			

		

		
			
				When you are solving an equation, do not divide both sides by an expression containing the variable for which you are solving. You may be dividing by zero. For example, to solve , do not divide both sides by x, because x may be zero and you will also lose one of the solutions.
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						Terminology
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				Root – түбір/корень

				Quantities – шамалар/количества

				Distinct – өзгеше/отличный от

			

		

		
			
				Practice 3

				Solve the equations.

				a. 	b. 
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				c. 	d. 
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				CHAPTER 2
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				Practice 4

				Solve the equations.

				a. 	b. 
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				Solving equations in the form 
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				We cannot use factoring to solve . We will use the following rule.
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				Look at the calculation of general form.

				Sign of  is important.

				If , the equation has no real solution, because square of a number cannot be negative.

				If , the equation has two real solutions. These roots are symmetric, i.e. they are the same numerals with opposite signs:
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				If  and a is a positive real number, then .
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				Rule
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					Note

				

			

			
				
					All positive real numbers have two square roots. One root is the positive square root and the other root is the negative square root, i.e. if  and b is a positive real number, then .
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					Activity

				

			

			
				
					Write a poem about ‘square root’. Please read it to the teacher, friends and parents.• Mathematics is one component of any plan for liberal education. Mother of all the sciences, it is a builder of the imagination, a weaver of patterns of sheer thought, an intuitive dreamer, and a poet. Any other activity cannot replace the study of mathematics.• Mathematics has beauty, but not everyone sees it.
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				Practice 5

				Solve the equations.

				a. 	b. 
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				Solve the equations.

				a.  b.  c. 
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				Solution:

				a. 

				b. 

				No solution, because x2 can not be negative.

				c. 
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				Example 5
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				Solving Equations of the Form 
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				There are three basic methods for solving a quadratic equation of the form :

				1. Factoring;

				2. Completing the Square;

				3. Using the Quadratic Formula.
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				1. Factoring

				If we can write  as the product of two linear factors, then we can easily solve the equation.

				To solve a quadratic equation by factoring, follow the steps: 

				1. Write the equation in standard form, , .
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				2. Factor the left side of the equation.

				3. Apply the zero product property, that is, set each factor equal to zero.

				4. Solve each equation to obtain the roots.
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					Research time
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					Generally, we learn the three basic methods for solving a quadratic equation. First, the Graphing method is the fourth way to solve a quadratic equation. Learn more about this method and explain it to your peers.

				

			

		

		
			
				CHAPTER 2
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				Solution:
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				c. Firstly write the given equation in standard form:
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				Solve the equations by factoring method.

				a. 	b. 

				
					[image: ]
				

				c. 
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				Example 6
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				Practice 6

				Solve the equations by factoring method.

				a. 	b. 
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				c. 	d. 
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				History
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				The first polynomial time algorithm for factoring rational polynomials has been discovered by Lenstra, Lenstra and Lovász. It is an application of Lenstra–Lenstra–Lovász lattice basis reduction algorithm, usually called "LLL algorithm".
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				Solve the equation by factoring.

				a. 	b. 
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				c. 

				Solution:
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				c. At first, we write the equation in standard form: 
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				Example 7
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				Activity

			

		

		
			
				A student solved as shown below. Work with your friend(s) to explain the student's mistake. Then solve the equation correctly.
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				CHAPTER 2

			

		

		
			
				Practice 7

				Solve the equations by factoring.

				a. 	b. 
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				2. Completing the square

			

		

		
			
				The idea behind this method is to adjust the left side of the equation  so that it becomes a perfect square, that is, the square of a first–degree polynomial. 

				Expressions in the form  and  are perfect square polynomials. When a trinomial is a perfect square, there is a relationship between the coefficient of the x - term and the constant term.
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				But an expression in the form  is not a perfect square. You can use the relationship shown above to add a term to  to form a trinomial that is a perfect square. This is called completing the square.
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				Note

			

		

		
			
				To write a quadratic equation as a perfect square, follow the steps:

				1. Make sure  in the quadratic equation. If , divide each term by ;
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				2. Rewrite the equation so that the constant term is alone on one side of the equation;

				3. Take half of the coefficient of the  term and square it;

				4. Add this number to both sides of the equation;

				5. Factor the left-hand side into a perfect square;

				6. Solve for  by using the square root property.
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				Note

			

		

		
			
				 Common mistakes
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				Note
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				Complete the square to form a perfect square trinomial.

				a. 	b. 
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				Solution:
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				Example 8
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				We can complete the square to solve quadratic equations. To write a quadratic equation as a perfect square, follow the steps:

				1. Collect variable terms on one side of the equation and constants on the other.

				2. As needed, divide both sides by a to make the coefficient of the x2-term 1.

				3. Complete the square by adding  to both sides of the equation.

				4. Factor the variable expression as a perfect square.

				5. Take the square root of both sides of the equation.

				6. Solve for the values of the variable.
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				Practice 8

				Complete the square to form a perfect square trinomial.

				a. 	b. 
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				c. 	d. 
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				Solve by completing the square.

				a. 	b. 
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				Solution:

				a. 
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				Example 9
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					Note

				

			

			
				
					Read  as "plus or minus square root of a".
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				CHAPTER 2
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				Activity

			

		

		
			
				 Work in groups to solve the quadratic equation below by completing the square. Answer the questions that follow.

				1. How do you use completing the square in solving the given equation? Show the complete details of your work.

				2. What are the solutions of the given equation?

				3. How would you describe the solutions obtained?

				4. Compare your work with those of other groups. Did you obtain the same solutions? IF NOT, explain.

				5. In the equation, ,what would be the resulting equation if 3, 8 and 5 were replaced by a, b and c respectively?

				6. Using the resulting equation in item 5, how are you going to find the value of  if you follow the same procedure in finding the solutions of ?
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				What equation or formula would give the value of x?

				7. Can the equation or formula that would give the value of x be used in solving other quadratic equations? Justify your answer by giving examples. 
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				b. 
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				Practice 9

				Solve by completing the square.

				a. 	b. 
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				c. 	d. 
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				Activity

			

		

		
			
				 

				The shaded region of the diagram shows the position of a square-shaped car park that is already cemented. The area of the cemented part is 600 m2. Use the diagram to answer the following questions.

				a. How would you represent the length of the side of the car park? How about the width of the cemented portion?

				b. What equation would represent the area of the cemented part of the car park?

				c. Using the equation formulated, how will you find the length of a side of the car park?
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				The Quadratic Formula

			

		

		
			
				The final method will work on any quadratic equation. Therefore, we can use it when the other more accessible methods fail or are difficult to apply. As you know, in the previous topic, we completed the square to solve quadratic equations. If we complete the square of , we can derive the quadratic formula. 

				In generally,
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				CHAPTER 2
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				Solve the equations.

				a. 	b. 
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				c. 

				Solution:

				First we identity the coefficients a, b and c for each equation.

				a. 

				For this equation ,  and . Let us substitute the values of a, b and c into the quadratic formula.
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				So, the roots of the quadratic equation are  and .
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				b. 

				For this equation ,  and . Then, 
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				Example 10
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					If , then 
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					Rule
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				Research time

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				You can find the roots of a quadratic equation using Factoring, Completing the square and using a Quadratic formula. There are more methods of solving a quadratic equation. Look on the internet for them. Compare with three methods that we learned in this chapter.

			

		

		
			
				Real life
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				Today, there are many modern applications of quadratic equations. For example, NASA (National Aeronautics and Space Administration) relies on aircraft flying in a parabolic arc to train astronauts.
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				Practice 10

				Solve each equation. 

				a. 	b. 
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				c. 	d. 
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				e. 	f. 
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				So the roots of the equation are  and .
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				c. 

				For this equation ,  and . So, 
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				So the roots of the equation are  and .
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				Discriminant of a quadratic equation

			

		

		
			
				The quantity  is called the discriminant of a quadratic equation.
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					Definition

				

			

		

		
			
				For a quadratic equation ,  the value of  determines the number of real roots.
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				1. If , there are two distinct real roots.

				2. If , there is one real root (double root).

				3. If , there is no root. 

				Use the discriminant to check the number of roots before you solve a quadratic equation.
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				The discriminant tells us whether the equation has a real solution and how many roots of an equation exist. The discriminant is denoted by ∆ (delta).
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						Terminology
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				Discriminant – дискриминант

			

		

		
			
				CHAPTER 2
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					Activity

				

			

			
				
					Find the right answers by the matching the graphs(work in pairs). Explain your answer.

					1) 	

					a. 

					2) 		

					b. 

					3) 		

					c. 
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				Evaluate the discriminant of each equation, and describe the roots.

				a. 	b. 
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				Example 11
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				Solution:

				a.  

				For this equation ,  and . Then, 
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				Therefore, the equation has two real roots.

				b. 

				For this equation ,  and .

				
					[image: ]
				

				
					[image: ]
				

				We can see that  and there is only one real root (double root). 

				c. 
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				 or  is negative. So, there is no real root.
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				For which values of k does the equation  have no real solution?

				Solution:

				If there is no real solution, the discriminant must be negative i.e. . For this equation ,  and .

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			[image: ]
		

		
			
				Example 12
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				Practice 11

				Evaluate the discriminant of each equation, and describe the roots. 

				a. 	b. 
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				c. 	d. 
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				e. 	f. 
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				For what values of m does the equation  have a double root?

				Solution:

				A quadratic equation has a double root if its discriminant is 0. I.e. . For this equation ,  and .
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				So, the equation has a double roots for  and 
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				Example 13
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				Practice 12

				1. Consider the equation . For which values of a does the equation have no real root. 

				2. For which values of m does the equation  have no real solutions?
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				So the equation has no real solution for .
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				CHAPTER 2
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				History
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				François Viète 1540-1603, French mathematician. Vieta was a founder of modern algebra, who introduced using letters as algebraic symbols and correlated algebra with geometry and trigonometry. Vieta presented methods for solving second, third and fourth-degree equations. He knew the connection between the positive roots of equations and the coefficients of the different powers of the unknown quantity. The word ‘coefficient’ is actually due to Vieta. When Vieta applied numerical methods to solve equations, he used methods which were similar to those used by earlier Arabic mathematicians.
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				For which values of n does the equation have two real solutions?

				Solution: 

				If there is two real solutions, the discriminant must be positive . For this equation ,  and .
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				So the equation has two real solutions for .
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				Example 14
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				Practice 13

				1. For what values of a does the equation  have a double root?

				2. For which value(s) of n does the equation  have a double root?
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				Practice 14

				1. For which values of p does the quadratic equation  have two real roots?

				2. Consider the equation . For which values of b does the equation have two distinct real roots?
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				Vieta’s theorem

			

		

		
			
				We have seen that the roots of an equation depend on its coefficients, and certain relations exist between the coefficients and the roots of an equation.

				In this topic we will consider the relations between the roots and the coefficients a, b and c of a quadratic equation.

				We know that the roots of the quadratic equation 
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					Theorem

				

			

		

		
			
				Let  and  be the roots of the quadratic equation of the form . Then
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				Note

			

		

		
			
				We can apply Vieta’s theorem to a cubic polynomial equation. 

				Let  and  be the roots of the equation Then,
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				1. 	
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				 are 
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				Let us use these formulas above to find the sum of the roots of a quadratic equation:

				 

				Therefore, .

				We can use the same expressions for  and  to find the product of the roots of a quadratic equation:
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				Therefore, .

				These relations were discovered by François Vieta, a French mathematician, and so they are together called Vieta’s theorem.
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						Terminology
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				Vieta's Theorem - Виет теоремасы/ теорема Виетa
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				Find the sum and the product of the roots of each equation, without solving it.

				a. 	b. 
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				Example 15
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				Solution:

				 

				 

				At first, write equation in standard form:
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				Practice 15

				1. Find the sum and the product of the roots of each equation, without solving it.

				2. For previous equations, find

				3. For the  equation, find

				a. 	b. 
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				c. 
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				Activity

			

		

		
			
				By using Vieta’s theorem we can also see the following.

				(sum of the reciprocals of the roots)

				 Work in pair. Try to find the formulas for  and .
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					Research time
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					The quadratic eq.  has no real root. However, by Vieta’s theorem, the sum of the roots is  and the product of the roots is , which are real numbers. Can you say why?
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				By using Vieta’s theorem, we can now find the sum and product of the roots of a quadratic equation without calculating the roots.
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				Practice 16

				1. The sum of the roots of the equation  is 5. Find the product of the roots.

				2. Let  and  be the roots of the equation  is given. Find m. 
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				Solution:

				Firstly, we will write coefficients of the equation.

				Given . As you know . Let’s find n.
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				If , we can find the product of the roots of the equation.
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				The sum of the roots of the equation  is 3. Find the product of the roots.
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				Example 16
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				A

				1. Solve the equations of the form 

				a. 	b. 	
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				c. 	d. 	
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				2. Solve the equations of the form .

				a. 	b. 	
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				c. 	d. 
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				3. Solve the equations of the form .

				a. 	b. 
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				c. 	d. 
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				4. Solve by factoring.

				a. 	

				b. 	

				c. 

				d. 

				e. 

				f. 

				g. 

				h. 

				i. 	
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				5. Solve by completing the square.

				a. 	

				b. 

				c. 	

				d. 

				e. 	

				f. 

				g. 	

				h. 

				6. What information does the value of the discriminant give about a quadratic equation?

				7. Solve by using the quadratic formula.

				a. 	

				b. 

				c.   

				d. 

				e. 	

				f. 

				g. 

				8. Find the discriminant of the equations.

				a. 	

				b. 

				c. 	

				d. 
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				e. 	

				f. 

				g. 	

				9. Find the values of c that make each equation have one real solution.

				a. 	b. 
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				c. 

				Vieta’s theorem

				10. Find the sum and the products of the roots of each equation, without solving it.

				a. 	

				b. 

				c. 	

				d. 

				B

				11. Solve the equations.

				a. 	

				b. 	

				c. 	

				d. 

				12. Solve the equations of the form .

				a.  b. 	

				
					[image: ]
				

				c.  d. 
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				13. Solve by factoring.

				a. 

				b. 

				c. 	

				d. 

				14. Solve by completing the square.

				a. 	

				b. 

				c. 	

				d. 

				e. 	

				f. 

				g. 	

				h. 

				15. Solve by using the quadratic formula.

				a. 	

				b. 

				c. 	

				d. 

				16. Describe the roots of the quadratic equations.

				a. 	

				b. 

				c. 	

				d. 
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				e. 	

				f. 

				g. 	 

				h. 

				17. What method would you use to solve the equation ? Why would this method be easier to use than the other methods?

				Vieta’s theorem

				18. The sum of the roots of the equation 

				 is 3. Find the product of the roots.

				19. The product of the roots of the equation 

				 is 3. Find the k.

				20. Let  and  be the roots of the equation . Find .
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				21. Consider the equation  if the sum and the product of the roots of the equation are equal, find the relation between k and l.
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				C

				22.  Solve by factoring.

				a. 	

				b. 

				c. 

				23. Solve by completing the square.

				a. 	

				b. 	

				c. 	

				24. Solve the equation.

				25. Solve by using the quadratic formula.

				a. 	

				b. 

				c. 	

				d. 
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				e. 

				f. 

				26. Find the discriminant of the equations.

				a. 	

				b. 	

				c. 

				d. 

				e. 

				Vieta’s theorem

				27. Solve following exercises with Vieta’s theorem.

				a. One of the roots of the equation 

				is . Find the other root of the equation.
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				b. Consider the equation 

				.  is given. Find n.

				
					[image: ]
				

				c. Let  and  be the roots of the equation .  is given. Find the n.
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				d. Consider the equation . If the equation has two negative roots, find all the possible values of n.

				e. Find , if  is the root of the equation . 
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				f. Let n and m be the roots of the equation . Find the discriminant of the equation.
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				2.3

			

		

		
			
				Solving equations. Word problems
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				You will:
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				- solve equations of the form 

				and

				 ;

				- solve rational equations;

				- solve equations reducible to the quadratic form;

				- solve word problems by using quadratic equation;

				- solve word problems by using rational equation.
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				Solving the equations in the form:  and 
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				Solution:

				 

			

		

		
			
				Solve the equation 
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				Let us combine solutions of case 1 and case 2, then solutions are 2 and –2.
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				Example 1
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				We know from previous lessons that the absolute value of a number is equal to the number itself if a number is positive (or zero). An absolute value of a number is equal to the negative number itself if the number is negative.

				That means: 

				Then 

				and 
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				Practice 1

				Solve each equation:

				a. 	b. 
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				c. 	d. 
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				Solve the equation .
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				Example 2
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				CHAPTER 2

			

		

		
			
				Solution:

				Here we have two cases: First when  and second when . To solve these inequalities let’s find roots.
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				Case 1: .
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				Check: 

				If . So, 
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				If . So, 
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				x = 4 and x = 2 don’t satisfy with condition of case 1 and they are not solutions.

				Case 2: .
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				where ,  and . Then, 
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				Hence,  and .
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				Check:

				If . So, 

				
					[image: ]
				

				If . So, 
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				Does not satisfy. 

				If we combine solutions of two cases, then there are no solutions.
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						Terminology
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				Combine - біріктіру/ объединять

				Satisfy - қанағаттандыру/ удовлетворять
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				Note

			

		

		
			
				When you cancel an expression, ensure it is not equal to zero. Otherwise, your result may need to be corrected.
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				Solve each equation.

				a. 	b. 	c. 
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				Solution:

				a. The denominator of a fraction cannot be equal to zero, so .

				We need to solve .

				
					[image: ]
				

				Since the roots are not equal to ,  and  are both solutions to the equation.
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				Example 3
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					Definition

				

			

		

		
			
				Let  and  be two polynomials. An equation of the form   is called a rational equation.
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				Every real number x which satisfies   is called a root of the equation.
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				When solving rational equations of the form  , find the roots of  and . Roots of  must be removed from the solution set.
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				Solving rational equations

			

		

		
			
				Practice 2

				Solve each equation.

				a. 	b. 
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				c. 	d. 
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				Practice 3

				Solve each equation.

				a. 	b. 
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				c. 	d. 
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				b. By the definition  and . So, 
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				The solution is only .

				c. By the definition  and . So, 
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				We know that , so the only solution is –8.
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				Note

			

		

		
			
				It is very important to check the roots of the numerator to see whether they make the denominator zero or not. We do this either by substituting the roots of the numerator in the denominator or by finding the roots of the denominator directly and checking whether they are common or not.
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				Solve each equation.

				a. 	b. 
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				Example 4
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				CHAPTER 2

			

		

	
		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				82

			

		

		
			[image: ]
		

		
			[image: ]
		

		
			[image: ]
		

		
			
				Fact
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				Mathematics has beauty but not everyone sees it.

			

		

		
			
				c. 

				Solution:

				a. Since the denominators cannot be zero. So, , then .
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				Now we have .

				Let us make the denominators common:

				Since, .

				However, we know that x cannot be –3 because –3 makes the given expression undefined. Therefore, there is no solution.

				b. Since the denominators cannot be zero. So,  and , then  and .
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				Now we have .

				Let us make the denominators common:

				So, . Then  and .
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				We know that  and , so the only solution are  and .
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				Certain not quadratic equations can be written in quadratic form using substitutions. For example, we can write equations such as ,  and  in  
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				Solving equations reducible to quadratic form
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						Terminology
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				Certain – нақты/ конкретный 

				Exponent – дәреже/ степень 

				Reducible – келтірілетін/ приводимый 

				Substitution – алмастыру/ замена 

			

		

		
			
				Since the denominators cannot be zero. So,  and , then  and . 
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				So, . Then  and .
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				We know that  and , so the only solution is .
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				Practice 4

				Solve each equation.

				a. 	b. 
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				quadratic form, because the exponent of the first variable is twice the exponent of the second variable.

			

		

		
			
				Solve each equation.

				a.  	b. c. 
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				Solution:

				a. The equation  is not a quadratic equation but we can write it as . For this reason, it is a quadratic in . Let .
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				First we solve for t, then solve the resulting equations for x. 

				Since . So,

				
					[image: ]
				

				The roots of the given equation are –3, –2, 2, and 3.

				b. For equation , we let . So that . Then the original equation becomes . 
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				First we solve for t, then solve the resulting equations for x. 
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				Example 5

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

	
		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				85

			

		

		
			[image: ]
		

		
			[image: ]
		

		
			[image: ]
		

		
			
				Practice 5

				Solve each equation.

				a. 	b. 
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				Last year, we learned how to make math models for word problems. Now, we will use that same skill to solve problems with quadratic and rational equations.

				Work problems

				To solve work problems it is helpful to use a variant of distance equals rate times time. 

				Specifically:

				In this formula Q is the quantity or amount of work done, r is the rate of work and t is the time worked.
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				Solving word problems by using quadratic and rational equations
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				Note

			

		

		
			
				To make easier solving word problems, create the mathematical model of the problem.
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						Terminology
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				Amount of work – жұмыс мөлшері/ объем работы

				Hence – демек, нәтижесінде/ следовательно, в результате 

				Pipe – құбыр/ труба 

				Working rate – жұмыс жылдамдығы/ темп работы

			

		

		
			
				Since .
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				The roots of the given equation are 0 and –2.

				c. For the equation , .
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				Let , then the equation becomes .
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				Now, solve for x.

				So the roots are –4 and –3.
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				 Esirkep completed a job for 156 tg. It took him seven hours longer than he expected and so he earned 14 tg an hour less than he anticipated. How long did Esirkep expect the job to take?

				Solution:

				We can create a mathematical model of problem,

				
					Work rate

				

				
					time (hours)

				

				
					Amount of work(tg)

				

				
					Expected case

				

				
					a

				

				
					x

				

				
					156

				

				
					Real case

				

				
					a – 14

				

				
					x + 7

				

				
					156
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				Example 7
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				Research time
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				Two resistors are in parallel, like in this diagram

				If total resistance has been measured at 2 Ohms, what are the values of the two resistors?

				Do research on calculating total resistance of resistors in parallel and solve this problem.
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				Note

			

		

		
			
				1. The formula for “Work” Problems that involve one person is

				 

				2. The formula for “Work” Problems that involve two persons is
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				Practice 6

				Khadisha and Aisha can clean the room together in twelve minutes. If Khadisha alone can finish the job 10 minutes earlier than Aisha, find the time it would take each of them alone to clean the room.

			

		

		
			
				A swimming pool can be filled by two pipes together in six hours. If the larger pipe alone takes five hours less time than the smaller pipe alone to fill the pool, find the time it would take for each pipe alone to fill the pool.

				Solution:

				We can create a mathematical model of problem,

				
					Time

				

				
					Amount of work

				

				
					Working rate

				

				
					Smaller pipe
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					1
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					Larger pipe
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					1
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					Pipes together
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					1
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				Then, 

				 is not an answer for this problem, because time of larger pipe will be negative, which is impossible. That's why, smaller pipe alone can fill the pool in 15 hours, larger pipe in 10 hours.
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				Example 6
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				A motorcyclist traveled at a constant speed for 60 km. If she had gone 10 km/h faster, she would have shortened her traveling time by one hour. Find the speed of the motorcyclist.

				Solution:

				We can create a mathematical model of problem,

				
					speed (km/h)

				

				
					time (h)

				

				
					distance (km)

				

				
					Real case

				

				
					v

				

				
					t

				

				
					60

				

				
					If motorcyclist go faster

				

				
					v + 10

				

				
					t – 1

				

				
					60
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				Example 8
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				Motion problems 
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						Terminology
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				Anticipated – күтілген/ предполагаемый

				Case – жағдай/ случай 

				Expected – болжалған/ ожидаемый 

				Motion – қозғалыс/ движение 

				Raise – көтеру/ повышение

			

		

		
			
				Practice 7

				A group of tourists plan to share equally in the 14,000 tenge cost of a boat. At the last minute, three of the tourists decide not to pay. This raises the share for each of the remaining tourists by 1,500 tenge. How many tourists were in the original group?"

			

		

		
			
				Since a time can’t be negative, we have one answer. Esirkep expect the job to take 6 hours.
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				Motion problems are based on the formula  where d - distance, v - velocity and t- time.
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				History
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				Quadratic equations have been around for centuries! No really, they have been around since 2000 B.C. Indian mathematicians Brahmagupta and Bhaskara II made some very significant contributions to the field of quadratic equations. Although quadratic equations look complicated and generally strike fear among students, with a systematic approach they are easy to understand.
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				Practice 8

				The distance between two cities A and B is 140 km. A car driving from A to B left the city at the same time as a car driving from B to A. The cars met after one hour, then it reached city B 35 minutes later than the second car reached city A. Find the speed of each car.
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				Note

			

		

		
			
				Show students the "FOIL face" to help them keep track of which terms to multiply.
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				Then, 

				By substitution method we can find the speed of the motorcyclist. So, 

				 is not a solution, because speed can’t be negative. So speed of motorcyclist is .
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				A car drove from a city A to a city B. The distance between the two cities is 350 km. After 200 km, the speed of the car decreased by 20 km/h. The total trip took 5 hours. Find the speed of the car in the first part of the journey.
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				Example 9
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				Solution:

				We can create a mathematical model of problem,

				
					
						
							speed (km/h)

						

						
							time (hours)

						

						
							distance (km)

						

						
							1st part of journey

						

						
							v

						

						
							t1

						

						
							200

						

						
							2nd part of journey

						

						
							v -20

						

						
							t2

						

						
							350–200=150
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				Practice 9

				An aeroplane traveled a distance of 400 km at an average speed of x km/h. Write down an expression for the time taken. On the return journey, the speed increased by 40 km/h. Write down an expression for the time for the return journey. If the return journey took 30 minutes less than the outward journey, write down an equation in x and solve it.
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						Terminology
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				Outward journey – барар жол/ поездка туда

				Return journey – қайтар жол/ поездка обратно

				Total trip – толық сапар/ полная поездка

				Whole – тұтас/ весь 

			

		

		
			
				Number and fraction problems

			

		

		
			
				The sum of the numerator and denominator of a certain positive fraction is 11. If 1 is added to both the numerator and the denominator, the fraction is increased by  Find the fraction.
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				Example 10
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				Solution:

				We can create a mathematical model of problem,

			

		

		
			
				We know that total trip took 5 hours. That’s why

				As we know speed can not be negative. So the speed of the car in the first part of the journey is 80 km/h.
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				Practice 10

				1. Find the number which is ten more than three times its square root.

				2. The numerator of a fraction is 3 less than the denominator. When both the numerator and denominator are increased 
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					numerator

				

				
					denominator

				

				
					fraction

				

				
					sum 

				

				
					Original state
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					If 1 added
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				Since fraction is positive, only solution for this problem is . So fraction is .
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				Fact
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				 Math fun

				A mathematician, a physicist and an engineer travelled through Kazakhstan when they saw a black sheep through the train window.‘Aha,’ said the engineer, ‘I see that Kazakhstan sheep are black.’‘Hmm,’ said the physicists, ‘You mean that some Kazakhstan sheep are black. We haven’t seen all the sheep yet.’‘No,’ said the mathematician, ‘All we know is that there is at least one sheep in Kazakhstan, and at least one side of that sheep is black! We haven’t seen the other side of the sheep yet.’
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						Terminology
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				Original state – бастапқы қалып/начальное состояние

			

		

		
			
				The area of an isosceles right triangle is 81 m2. Find the perimeter of the triangle.

				Solution:

				We can draw a right isosceles triangle 

				Since it is an isosceles triangle its legs are equal.

				Since it is a right triangle, the product of legs divided by 2 gives its area.

				So, 

				We know that lengh can't be negative. Then . To find b we can use pythaghorean theorem. 
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				Perimeter of triangle is .
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				Example 11

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				by 4, the fraction is increased by fraction . Find the fraction.
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				Practice 11

				The length of hypotenuse of rigth triangle is 5 units and the

				area is 6 units square. Find lengths of legs of the triangle.
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				PROBLEMS
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				A

				1. Solve the equations.

				a. 	

				b. 	

				c. 	 

				d. 

				2. Solve rational equations. 

				a. 	

				b.  

				c. 	

				d. 

				e. 	

				f.  

				g. 	

				3. Solve the equations.

				a. 

				b.  

				c.  

				d. 

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				e. 	

				f.  

				g. 	

				h. 

				4. Solve the equations.

				a. 	

				b.  

				c. 

				d. 

				5. Solve the equations.

				a. 	

				b.  

				c. 

				d.

				6. Find the length of sides of each rectangle.

				a. Area of a rectangle is 40. 

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

	
		
			[image: ]
		

		
			
				93

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			[image: ]
		

		
			
				b. Area of a reactangle is 105.

				B

				7. Solve the equations

				a.  

				b.  

				c. 	

				d. 

				e. 

				f.  

				8. Solve the equations

				a. 	

				b.  

				c. 

				d. 	

				e. 

				f. 

				g. 
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				h. 

				9. Solve the equations.

				a.  

				b.  

				c.  

				d. 

				10. Solve the equations.

				a. 	

				b.  

				c. 

				d. 

				e. 

				f. 

				11. Solve the equations.

				a. 	

				b.  

				c. 

				d.

				f. 	
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				12. Solve the word problems.

				a. The length of a rectangular garden is 6 more than the width. The area is 27. Find the the dimensions of the garden.

				b. The hypotenuse of a right triangle is 6 cm less than twice the length of the medium side. The shortest side is 6. Find the length of the two other sides.

				c. A wire that is 32 cm long is cut into two pieces, and each piece is bent to from a square. The total area enclosed by the two squares is 34 . Find the length of each piece of wire.

				d. The sum of the numbers and reciprocal is 25/12. Find the number.

				e. The diagonal of a rectangle is 5 m, and the area is 12 cm2. Find the perimeter of the rectangle.

				f. Together, Aigeldi and Asan can write a particular type of computer program in 17 hours. Alone, Aigeldi can do the job 3 hours faster than Asan. Find the time that each person takes to write a computer program. Round to the nearest tenth. 

				g. Two consecutive positive even numbers have a product of 24. Find the two numbers.
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				h. Find the quadratic equation whose sum of roots is –2 and products of the roots is 5.   

				C

				13. Solve the equations

				a. 

				b. 	

				c.  

				d. 

				14. Solve the equations

				a. 

				b. 

				15. A machine traveled at a constant speed for 60 km. If he had gone 10 km/h faster, he would have shortened his traveling time by one hour. Find the speed of the machine. 

				16. You have just planted a rectangular flower bed of red roses in a park near your home. You want to plant a border of yellow roses around the flower bed as shown. Since you bought the same number of red and yellow roses, the areas of the border and inner flower bed will be equal. What should the width x of the border be?
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				17. The area of a triangle is 36 m2. The length of the base is twice the height. Find the length of the base and the height of the triangle. 

				18. The rectangle is 2 cm more than its width and the area 48 cm2. Find the length width of the rectangle.

				19. Yeskendir can do a job in one hour less then Adilkhan. If Yeskendir and Adilkhan work together the job takes  hours. How long would it take each person working alone? 

				20. If the volume of this box is 100 cm3, find the dimensions of the box.
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				Solving quadratic equations

				By factoring

				To solve a quadratic equation by factoring, follow the steps:

				1. Write the equation in standard form .

				2. Factor the left side of the equation.

				3. Apply the zero product property that is set each factor equal to zero.

				4. Solve each equation to obtain the roots.

				Completing the square: 

				Quadratic formula:

				 

				Discriminant:  ;

				For a quadratic equation  the value of  determines the number of real roots.
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				1. If , there are two distinct real roots.

				2. If , there is one real root.(double root).

				3. If , there is no roots.

				Vieta’s Theorem: 
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				Solving the equations in the form: 

				 and 
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				Then 

				And 

				Solving the equations reducible to quadratic form

				Look at the steps to write an equation as a quadratic.

				1. Let  be a variable term with the half exponent.

				2. Substitute  in all the terms with the variable.

				3. Solve it.

				4. Back substitute for the original variable.
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				QuadRATIC FUNCTION

			

		

		
			
				3.1 QUADRATIC FUNCTION AND ITS GRAPH

			

		

		
			[image: ]
		

		
			
				Chapter 3
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				3.1

			

		

		
			
				QUADRATIC FUNCTION AND IT’S GRAPH
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				You will:
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				- know properties and graphs of the quadratic functions  

				- know properties and graphs of the quadratic function ;

				- able to find the values of the function when values of arguments are given and finding the values of the argument when values of the function are given;

				- able to solve word problems by using quadratic function;

				- able to compile a mathematical model by the condition of the problem.
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				Tell whether each function is quadratic. Explain.

				a. 	b. 
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				Solution: 

				a. Try to write the function in the form  by solving y. So, 
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				This is a quadratic function because it can be written in the form  where ,  and .
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				b. , since we are given an equation, use . So, this is not a quadratic function because the value of a is 0.
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					Example 1 
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				Quadratic Function

			

		

		
			
				The function  is shown in the graph. Notice that the graph is not linear. This function is a quadratic function.
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				For example,

				The function  is a quadratic function. Because, can be written as , where ,  and .
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					Definition

				

			

		

		
			
				A quadratic function is any function that can be written in the standard form , where a, b and c are real numbers and .
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				Note

			

		

		
			
				, because if  then the function becomes  which is a linear the function, not a quadratic function.
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				Practice 2

				Tell whether each function is quadratic. Explain.

				a. 	b. 
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				c. 	d. 
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				CHAPTER 3

			

		

		
			
				One technique for graphing a function is to plot a sufficient number of points on the function until the general shape and defining characteristics can be determined. Then, a curve can be sketched through the points.

			

		

		
			
				Graph each function on the same coordinate system.

				a. 	b. 	c. 
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				Solution: 

				Several function values for a, b, and c are shown in Table below for selected values of x. The corresponding graphs are drawn in the figure at the right.
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					Example 2 
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				Graphs of Quadratic Functions

			

		

		
			
				In the 7th grade, we defined a quadratic function as a function of the form . We also learned that the graph of a quadratic function is a parabola. In this topic we will learn how to graph of a quadratic function of the forms: 

				,  and , where .
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				As we know, a parabola opens upward if  and opens downward if . If a parabola opens upward, the vertex is the lowest point on the graph. If a parabola opens downward, the vertex is the highest point on the graph. The axis of symmetry is the vertical line that passes through the vertex. 
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				A. Quadratic Functions of the Form 
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				Fact
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				 The path that a shell takes when it is shot from a cannon forms a parabolic shape. In calculus, it has been demonstrated that to achieve the maximum range with a cannon, the barrel of the cannon should be angled at 45 degrees.
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						Terminology
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				Curve - қисық/ кривая

				Linear function – сызықтық функция/линейная функция

				Quadratic function – квардаттық функция/квадратичная функция
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				Parabolic curves are used in the design of lighting systems, telescopes, and radar antennas, mainly because of the reflective property you can see in the figures below.
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				Sketch the functions defined by

				a. 	b.  
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				Solution: 

				a. 

				Because , the graph is obtained by shifting the graph of  down  units.
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					Example 3 
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				The functions in Example 2 illustrate the following properties of quadratic functions of the form .
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				1. If , then the graph of  is the same as the graph of  shifted up k units.
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				2. If , then the graph of  is the same as the graph of  shifted down  units.
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					Properties
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				Practice 2

				Look at the graph of  to determine the value of k.
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				Notice that the graph of  and  take on the same shape as . However, the y-values of b greater than the y-values of a. Hence the graph of  is the same as the graph of  shifted up 2 units. Likewise the y-values of c are 3 less than those of a. The graph of  is same as the graph of  shifted down 3 units.
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					Discussion
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					Discuss with your classmates what conclusion can be drawn about the axis of symmetry of any quadratic function for which b = 0.
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				Dolphin trainers can use solutions of quadratic equations to plan the choreography for their shows.
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				B. Quadratic Functions of the Form 
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				The graph of  represents a vertical shift (up or down) of the function . Example 4 shows that functions of the form  represent a horizontal shift (left or right) of the function . 
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				Graph each function on the same coordinate system.

				a. 	b. 	c. 
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				Solution: 

				Several function values for a, b, and c are shown in Table below for selected values of x. The corresponding graphs are drawn in the figure at the right.
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					Example 4 
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				Practice 3

				Sketch the graph of each function.

				a. 	b. 
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				b. 

				Because , the graph is obtained by shifting the graph of  up 1 units.
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						Terminology
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				Obtain - алу/ получать

				Shift - қозғалу/ сдвиг

			

		

		
			
				CHAPTER 3
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				Research time
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				We can plot a graph of quadratic func-tion in Excel. Watch a video " Quadratic Graph in Excel" and try to plot graphs of any three quadratic functions in Excel.
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				Sketch the graph of each function

				a. 	b.  
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				Solution: 

				a. 

				Because , shift the graph of  to the left 3 units.
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				b. 

				Because , shift the graph of  to the right 1 units.
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					Example 5 
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				1. If , then the graph of  is the same as the graph of  shifted h units to the right.
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				2. If , then the graph of  is the same as the graph of  shifted  units to the left.
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					Properties
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				Practice 4

				Look at the graph of  to determine the value of h.
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				The functions in Example 4 illustrate the following properties of quadratic functions of the form .
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						Terminology
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				Identify - анықтау/ узнавать

				Stretch - созылу/ растягиваться

			

		

		
			
				Practice 5

				Sketch the graph of each function.

				a. 	b. 
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				c. Quadratic Functions of the Form 
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				1. The vertex is located at .

				2. The axis of symmetry is the line .

				3. If , parabola opens upward, and k is the minimum value of the function.

				4. If , parabola opens downward, and k is the maximum value of the function.
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					Properties
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				We can summarize our findings from Examples 2–5 by graphing functions of the form .

				The graph of  has its vertex at the origin . 
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				The graph of  is the same as the graph of  shifted to the right or left h units and shifted up or down k units. Therefore, the vertex is shifted from  to . The axis of symmetry is the vertical line through the vertex, that is, the line .
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				Given the function defined by .

				a. Identify the vertex. 

				b. Sketch the function.

				c. Identify the axis of symmetry.

				d. Identify the maximum or minimum value of the function.

				Solution: 

				a. The function is in the form , where ,
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				, and . Therefore, the vertex is .
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				b. The graph of  is the same as the graph of  shifted to the right 2 units, shifted down 2 units, and stretched vertically by a factor of 2.
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					Example 6 
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				Note

			

		

		
			
				The following pictures help us understand the properties of quadratic functions of the form .
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				CHAPTER 3
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					Note

				

			

			
				
					The equation for a parabola written in

					form is called “vertex form”, where (h, k) are coordinates of vertex.
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				c. The axis of symmetry is the line .

				d. The parabola opens upward, so the minimum function value is –2.
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				Practice 6

				Given the function defined by .

				a. Identify the vertex. 

				b. Sketch the function.

				c. Identify the axis of symmetry.

				d. Identify the maximum or minimum value of the function.
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					Discussion
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					Discuss with your friends. If we are given the axis of symmetry of a quadratic function and know that the function has two zeros, how would you describe the location of the two zeros?
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					Given the function defined by .

					a. Identify the vertex. 

					b. Sketch the function.

					c. Identify the axis of symmetry.

					d. Identify the maximum or minimum value of the function.

					Solution: 

					a. The function is in the form , where , , and . Therefore, the vertex is 
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					b. The graph of  is the same as the graph of  shifted to the left 2 units, shifted up 1 unit.
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					c. The axis of symmetry is the line .

					d. The parabola opens downward, so the maximum function value is 1.
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						Example 7 
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				Note

			

		

		
			
				[image: ]
			

			
				[image: ]
			

		

		
			[image: ]
		

		
			
				
					[image: ]
				

				
					[image: ]
				

				
					
						Terminology
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				Isolate - бөліп алу/ выделять

				Rather - орнына/ вместо того

			

		

		
			
				By completing the square, we can write the function  in the form . In this form, the vertex is easily identified as .

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			[image: ]
		

		
			
				 Completing the square: 
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				Practice 7

				Given the function defined by .

				a. Identify the vertex. b. Sketch the function.

				c. Identify the axis of symmetry.

				d. Identify the maximum or minimum value of the function.
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				Graphing 
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				Vertex of a Parabola

			

		

		
			
				Given: . 

				a. Write the function in the form .

				b. Identify the vertex, axis of symmetry, and minimum function value.

				Solution: 

				a. We will write the function in the form .

				Rather than dividing by the leading coefficient onto both sides, we will factor out the leading coefficient from the variable terms on the right-hand side. So, 

				And then we will complete the square on the expression within the parentheses: .
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				Apply the distributive property and remove the term –1 from the parentheses and isolate the perfect square trinomial within the parentheses. Then factor and simplify if necessary.
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					Example 8 
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				CHAPTER 3
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				b. 

				The vertex is . The axis of symmetry is . Because , the function opens upward. Therefore, the minimum function value is –1.
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				Practice 8

				Given: . 

				a. Write the function in the form .

				b. Identify the vertex, axis of symmetry, and maximum function value.
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				Vertex Formula
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				Activity

			

		

		
			
				Work in pairs!

				In the class, two students find the equation of the axis of symmetry for the graph of 

				Who is incorrect? Explain the error. 

				Solution of 1st student:

				Solution of 2nd student:
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					Completing the square and writing a quadratic function in the form  is one method to find the vertex of a parabola. Another method is to use the vertex formula. The vertex formula can be derived by completing the square on the function defined by .
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				Find the vertex of the parabola .
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					Example 9
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				The functions in the form , where 
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				Hence the vertex is 

				Although the y-coordinate of the vertex is given as , it is usually easier to determine the x-coordinate of the vertex first and then y by evaluating the functon at .
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				For , the vertex is given by 
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				Rule
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				Practice 9

				Find vertex of each quadratic function.

				a. 	b. 
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				c. 	d. 
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				Activity

			

		

		
			
				Work in pairs!

				The graph of a quadratic function has the vertex (0, 4). One point on the graph is (1, 5). Find another point on the graph. Explain how you find the point.
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				CHAPTER 3

			

		

		
			
				
					Solution:

					Here,  and . So, the x-coordinate of the vertex is:
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					Substituting in the original equation to get the y-coordi-nate, we get: 

					So, the vertex of the parabola is at .

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

			

			
				[image: ]
			

		

	
		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				108

			

		

		
			[image: ]
		

		
			[image: ]
		

		
			
				Find the y-intercept of the quadratic function

				Solution:

				y-intercept is given by 

				y-intercept is .
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					Example 10
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					Definition

				

			

		

		
			
				The x–intercept(s) of a graph is the point where the graph crosses the x -axis. 

				When you want the x-intercepts : Set  then solve for x.
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				Find the x-intercept(s) of the quadratic function 

				Solution: 

				To find the x-intercept(s), find the real solutions to the 
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					Example 11
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				Intercepts
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					Definition

				

			

		

		
			
				The y–intercept of a graph is the point where the graph crosses the y-axis. 

				When you want the y intercepts (0, y): Set x = 0 then solve for y.

			

		

		
			
				Practice 10

				Find the y-intercepts of each quadratic function

				a. 	b. 
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				Note

			

		

		
			
				For quadratic equation written in standard form, the y -intercept is c.
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				Activity

			

		

		
			
				Work in pair!

				Describe how the effect that the value of c has on the graph of  is similar to the effect that the value of b has on the graph of .
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				Practice 11

				Find the x-intercepts of each quadratic function

				a. 	b. 
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				equation .
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				The solutions to the equation  are –3 and –1. Therefore, the x-intercepts are  and .
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						Terminology
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				Intercepts - функция графигінің осьтермен қиылысу нүктелерінің координатасы/ координаты точек пересечения графика функции с осями координат

			

		

		
			
				CHAPTER 3

			

		

		
			
				Since the solutions of the functions give the x-intercepts of the graphs, the number of x-intercepts is the same as the number of solutions. As we saw earlier, we can use the discriminant to determine the number of solutions of a quadratic function of the form .
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				1. If , the parabola intersects the x-axis at two distinct points. (quadratic equations have 2 solutions)

				2. If , the parabola is tangent to the x-axis. (quadratic equations have 1 solutions)

				3. If , the parabola does not intersect the x-axis. (quadratic equations have no solutions)
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				Find the x-intercept(s) and y-intercept of each function.

				a. 	b. 
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				c. 	d. 
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				Solution:

				a. 
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				So  and  are the x-intercepts. And  is the y-intercept.
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				b.  
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				So  and  are the x-intercepts. And  is the y-intercept.
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				c. 
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				Therefore, the parabola does not cut the x-axis, i.e. there 
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					Example 12
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				Discussion
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				Discuss with your friend. For what values of a and c will  have one zero?
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				Skeching the Graph

			

		

		
			
				To sketch the parabola , follow the steps.

				1. Check a.

				When , the graph has a minimum point and the parabola opens upward.

				When , the graph has a maximum point and the parabola opens downward.

				2. Find the coordinates of the vertex point, V(h, k).

				3. Find the x-intercept(s) and y-intercepts.

				4. Sketch the graph of the parabola.
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				Practice 12

				Find the x-intercept(s) and y-intercept of each function.

				a. 	b. 
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				c. 	d. 
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				are no x-intercepts. And  is the y-intercept.

				d. 
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				So the parabola is tangent to the x-axis at the point . 

				And  is the y-intercept.
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				CHAPTER 3
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				Graph the function .

				Solution:

				Step 1: , so the parabola opens upward.

				Step 2: Find the vertex. 

				Here,  and . So, the x-coordinate of the vertex is:
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				Substituting in the original equation to get the y-coordi-nate, we get: 

				So, the vertex of the parabola is at .

				Step 3: Find the x-intercept(s) and y-intercept.

				So  and  are the x-intercepts. And  is the y-intercept.
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				Step 4: Sketch the graph of the parabola. Connect the points to graph the parabola.
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					Example 13
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				Activity

			

		

		
			
				Invent and perform a dance that explains ‘graph of functions’. Show dance to your teachers, friends and parents.
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				Practice 13

				Graph the functions.

				a. 	b. 
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				c. 	d. 
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				Equation of a parabola

			

		

		
			
				We have learned how to construct a parabola if we are given its equation. But if we are given the graph of a parabola, how can we write its equation?

				There are three different approaches to finding the equation of a parabola. The approach we use depends on the information we know.

				1. If we know the vertex point of the parabola, V(h, k) then we use the formula  to write the equation of the parabola. We need to know another point on the parabola to write the equation.

				2. If we know the x-intercepts of the parabola, then we use the formula  to write the equation of the parabola. We need to know another point on the parabola to write the equation.

				3. If we know any three points on the parabola, then use the formula  to write the equation of the parabola. 
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				  Write the equation of each parabola.

				a.  b.  c. 

				
					[image: ]
				

				Solution:

				a. The vertex point of the parabola is V(2, 2), so . Also, the parabola passes through the origin (0, 0), so this point satisfies the equation of the parabola. Then, 
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				Therefore, the equation of the function is 
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					Example 14
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				Note

			

		

		
			
				The sign of a determines whether the parabola opens upward or downward.
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				b. Let . Since the points , , and  are on the graph of the parabola. These points satisfy the equation of the parabola. So, 
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				From (2) and (3), we can find the value of a and b. Then, 

				So the equation is 

				c. In the graph given x-intercepts  and . As we know, If we know the x-intercepts of the parabola, then we use the formula  to write the equation of the parabola. 
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				Let .

				 is on the parabola. So, 
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				Activity

			

		

		
			
				Find the height and length of the bridge Arkhar and evaluate an equation of parabola of this bridge.

				
					[image: ASTANA,KAZAKSHTAN-May 1, 2017. Sunset above the Bridge over the river with the transport traffic.]
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						Terminology
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				Gravitational acceleration – гравитациялық үдеу/ гравитационное ускорение

				Tangent – жанама/касательный

			

		

		
			
				Therefore, the equation of the function is
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				Practice 14

				Write the equation of each parabola.

				a. b. c.
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				Solving word problems by using quadratic function

			

		

		
			
				In this section, we will consider the applications of quadratic functions. Quadratic equations can be used to solve a variety of real-world problems in fields such as physics, sports, economics, and more.

				Physics:

				Classical example of application of quadratic function is “Body thrown vertically straight up”. In this case body will move by the next law(function);

				Where  is a time dependent function(law) of height of vertically thrown body

				t is a time passing from the beginning of the motion

				 is an initial height that is the height from which body was thrown

				 is an initial velocity that is velocity body has at the beginning of the motion

				g is a gravitational acceleration which is . For the simplicity we will take .
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				A ball is thrown straight up, from a height of 4 m above the ground, with an initial velocity of 8 m/s.

				a. When will the ball hit the ground?

				b. How much time will it take for the ball to reach its maximum height?

				c. What is the maximum height that the ball can reach?

				Solution:

				 and . So by the formula, 
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				a. The ball will hit the ground when the height is zero:

				Time can’t be negative, so ball hits the ground after 2 seconds.

				b. Since the law of movement is a time-dependent quadratic function, the maximum height will riched at the first coordinate of a vertex i.e. .
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					Example 15

				

			

			
				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			[image: ]
		

		
			
				Satellite Dish

				A satellite dish is a perfect example of the reflective properties of parabolas mention earlier. The signals that are received are directly sent to the focus, which are then correctly reflected to a receiver (signals are sent out parallel to the axis). These signals are then interpreted and are transmitted as channels on our TV. The same principle applies to radio frequencies too. Parabolic mirrors and heaters also work on the same principle.
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				Real life
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				c. Seconds coordinate of a vertex will be the maximum height. Then, 

				Look for the graph of the function. Here horizontal axis is t-axis and vertical axis is h-axis

				Body starts its movement at the point , rich maximum at  and hit the ground at a point .
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				Practice 15

				The height of a ball t seconds after it’s thrown into the air from the top of a building can be modeled by , where h(t) is height in meters. 

				a. How high is the building?

				b. How high does the ball rise before starting to drop downward?

				c. After how many seconds does the ball hit the ground?
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				 Anuar begins measuring the air temperature in a room at nine o’clock in the morning. He finds that the temperature is given by the function  where t in in hours

				a. Find temperature at 12:00

				b. When was the lowest temerature

				c. What was the lowest temperature 

				Solution:

				a. Since measuring started at nine o’clock in the morning t at this time is . At 12:00 3 hours past after beginning of measuring so  at this time. Temperature at  is 
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					Example 16
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				Research time
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				Parabolic Solar Oven

				As an activity find the instruction to construct the solar oven in the internet and boil 1 liter of water with it.

				
					[image: https://cdn.instructables.com/F87/OLNE/HX7PBEH1/F87OLNEHX7PBEH1.LARGE.jpg?auto=webp&width=933]
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				Note

			

		

		
			
				The vertex is the highest or lowest point on a parabola. Therefore, in the example, it gives the maximum height that the ball.
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				CHAPTER 3
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				b. It easy to note that graph of the function is a patabola with vertex at the origin and that opens upward. So minimum temperature measured was at .

				c. By the previous minimum temperature was 
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				Practice 16

				Aigerim ran through a maze in less than a minute the first time she tried. Her times got better for a while with each new try, but then her times got worse (she took longer) due to fatigue.The amount of time Aigerim took to run through the maze on the ath try can be modeled by How long did Aigerim take to run the maze the first time, and what was her best time?
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				Business Application

			

		

		
			
				Nurdaulet owns car business. He discovered that he earns  millions of tenge for x car sold.

				a. How much car he need to sell for starting to earn money. 

				b. How much he can earn at the most?

				c. Investigate why in this case deacreasing of earnings is possible.

				Solution:

				a. Let us roughly draw graph of the given function. Leading coefficient is -1, so It’s a parabola that opens downward. Discriminant  which means parabola intersect x-axis. Roots are cars and  cars. In the terms of our problem it means that before  he doesn’t earn money. Look to the graph at the right,  for . We can conclude that he start earning money after 50 cars sold which is .
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					Example 17
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				b. We already say that parabola opens downward that is function has its maximum value which is vertex V.  is a midpoint of  and  that is 
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				. It is Nurdaulet will have his biggest earnings when he sell 125 cars and earn  millions tenge.

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				Architecture Application

			

		

		
			
				The height above water level of a curved arch support for a bridge can be modeled by , where x is the distance in meter from where the arch support enters the water. Can a sailboat that is 18 m tall pass under the bridge? Explain.

				Solution:

				As we know, the highest point of the arch is a vertex. So, let's find the x-coordinate and y-coordinate of the vertex.

				Since the height of the arch support is 26 m. So, the sailboat can pass under the bridge.
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					Example 18
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				Practice 17

				The profit function telling Alibek how much money he will net for producing and selling x specialty umbrellas is given by . What is Alibek’s loss if he doesn’t sell any of the umbrellas he produces, how many umbrellas does he have to sell to break even, and how many does he have to sell to earn the greatest possible profit?
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				Practice 18

				The height in feet of the curved arch support for a bridge over a creek can be modeled by 

				where x is the horizontal distance in meter where x is the horizontal distance in feet of the creek by 5.5 feet, will the top of the arch support be above the water? Explain.
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				Fact
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				Engineers can use characteristics of quadratic functions to find the height of the arch supports of bridges.

				
					[image: Astana / Kazakhstan - Feb 2019: Skyscrapers and different commercial buildings in the downtown on Yesil River side with bridge. Colorful night in Astana, capital of Kazakhstan. Reflection on the ice.]
				

			

		

		
			
				CHAPTER 3
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				PROBLEMS

			

		

		
			
				3.1
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				A

				1. Graph each set of functions in the same plane. 

				a. , , 
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				b. , , 
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				c. , , 
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				d. , , 
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				2. Determine each point lies the graph of the function 

				a.  b. 
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				c.  d. 
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				3. Find the vertex of each parabola

				a.   

				b. 

				c.  

				d.  

				e.  

				f. 

				g.  

				4. Given the function . Find the values of y, if .
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				5. Find the x and y – intercepts of the function.

				a. 	b.  
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				c. 	d. 
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				e.  f. 
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				g. 	h. 
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				i.  j.   k. 	l.  m. 	n.   o. 	p. 
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				q. 

				B

				6. If the parabola  passes through the following points, find the a?

				a.  b.  c. 
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				d.  e. 
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				7. If . Find the x?
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				8. Graph the given functions. 

				a. 	

				b. 

				c. 	

				d.  
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				e. 	

				f. 

				g. 

				h. 

				9. Sketch the graph of the function using the shifting method.

				a. 

				b. 

				c. 

				d.  

				e. 

				f. 

				g. 

				h. 

				10. The parabola passes through the points  and . Find the values of m and n.
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				11. The line  is the axis of symmetry of the parabola . Find the maximum value of the function.
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				12. The minimum value of the function

				 is . What is the value of 
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				13. The equation of the axis of symmetry of the parabola  is . Find the minimum or maximum value of the function. 
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				14. The vertex point of the parabola  is on the y-axis. Find m. 

				15. An arrow is shot vertically upward from a platform 45 m high at a rate of 168 m/s. Use the quadratic function  find how long it will take the arrow to reach its maximum height, and then find the maximum height.

				16. The function  is given. Find the values of n for which the parabola

				a. does not cut the x-axis.

				b. is tangent to the x-axis.

				c. cuts the x axis at two distinct points.

				17. The parabola  passes through the point A(2, 9). Find the value of m.

				C 

				18. Write the equation of each parabola.

				a. 
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				b. 

				c. 

				 

				d.

				 

				19. Write the equation of the parabola. If  and  are the roots of the equation, find the value of .
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				20. Find the area of the trapezoid KLMN

				21. 3 is the minimum value of the function . Find the n?

				22. The line  is tangent to the function . Find m?
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				23. Write the equation of the each parabola.

				a. 

				b. 
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				c. 

				24. Your company is going to make frames as part of a new product they are launching. The frame will be cut out of a piece of steel, and to keep the weight down, the final area should be 28 cm2. The inside of the frame has to be 11 cm by 6 cm. What should the width x of the metal be?

				25. A rancher is going to fence three sides of a corral next to a river. He needs to maximize the corral area using 240 m of fencing. The quadratic equation  gives the area of the corral, A, for the length, x, of the corral along the river. Find the length of the corral along the river that will give the maximum area, and then find the maximum area of the corral.
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				26. Difference between a number and its positive square root is 12. Find the number.

				27. A ball is thrown into the air with an initial upward velocity of 48 m/s. It height h in feet after t seconds is given by the function .

				a) What height will the ball be when 2 seconds has passed? 

				b) In how many seconds will the ball reach its maximum height? 

				c) What is the ball’s maximum height?

				28. The perimeter of a rectangle is 32 cm. Find its maximum possible area.

				29. An apple falls from a tree that is 21 meter tall. What is the height of the apple 1 second after it was dropped? Use the vertical motion model, h = –16t2 + 21 where t is the time in seconds, and h is the height in meter.
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				graph of quadratic function , if 

				, the parabola opens upward.

				, the parabola opens downward.

				The axis of symmetry is the vertical line 

				Vertex is 

				Equation of parabola

				If we know the vertex point of the parabola,  then we use the formula 

				
					[image: ]
				

				If we know the x-intercepts of the parabola then we use the formula  

				If we know any three points on the parabola, then we use the formula  
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					Standard form of a quadratic function 

					Quadratic function

					 

					If , shift the graph of  n units upward
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					If , shift the graph of  n units downward
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					For example,

					Quadratic function 

					If , shift the graph of  m units to the right
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					If , shift the graph of  m units to the left
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				Element of statistics

			

		

		
			
				4.1 Polygon of frequencies. Histogram of frequencies 

				4.2 Average value. Variance. Standard deviation
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				Chapter 4
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				4.1

			

		

		
			
				polygon of frequencies, histogram of frequencies
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				You will:
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				- present the results of the sample in the form of an interval table of frequencies;

				- present the data of an interval table of frequencies by histogram of frequencies;

				- know the definition of cumulative frequency;

				- analyze information by the statistical table, polygon of frequency, histogram.

			

		

		
			
				Real life
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				 Why do we use frequency polygons and histograms? Viewing data in these formats helps us visualize and understand it better. Some advantages of histograms are that they make it easier to identify different data, the frequency of data occurring in a dataset, and categories that are difficult to interpret in a tabular form.
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				From 7th grade onwards, we start studying the topic of statistics. Let's recall some of the most important definitions in statistics:

				Statistics is a science that draws conclusions by collecting, organizing, summarizing, and analyzing data.

				A statistical population refers to a group of similar objects or events that are the focus of concern.

				A sample is a group of subjects selected from a population.

				A variant is an individual quantitative expression of a trait.

				Frequency is a number indicating how many times a variant repeats.

				Absolute frequency is the number of times a value appears.

				Relative frequency is the result of dividing the absolute frequency of a certain value by the total number of data.

				Presenting data in a graphical or pictorial form is highly relevant. Frequency polygons give an idea about the shape of the data and trends. We can learn the step-by-step process of drawing a frequency polygon, with or without a histogram.
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					Definition

				

			

		

		
			
				A polygon of frequencies is a broken line, the segments of which connect the points  where  are variants and  are frequencies, where .
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				Construct a polygon of frequencies and relative frequencies by given table below.
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					Example 1
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				CHAPTER 4
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				Note

			

		

		
			
				A frequency polygon is a line graph created by joining all of the top points of a histogram. They are called polygons because the line the graph creates resembles half of a polygon. Frequency polygons: Show the shape of a distribution of data.
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				Note

			

		

		
			
				A frequency polygon is a type of line graph that displays the distribution of data by connecting the points of a histogram with straight line segments. Unlike a histogram, a frequency polygon can show the shape of the distribution more clearly. Frequency polygons are commonly used in statistical analysis to visualize data.
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					35

				

				
					64

				

				
					55

				

				
					21

				

				
					10

				

				Solution:

				Polygon of frequencies

				Polygon of relative frequencies.

				To plot a polygon of relative frequencies instead of nk we need to take wk, where 
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					 (relative frequencies)
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					2

				

				
					15

				

				
					0.075

				

				
					7

				

				
					35

				

				
					0.175

				

				
					8

				

				
					64

				

				
					0.32

				

				
					15

				

				
					55

				

				
					0.275

				

				
					16

				

				
					21

				

				
					0.105

				

				
					17

				

				
					10

				

				
					0.05

				

				
					Total

				

				
					200

				

				
					1
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				Practice 1

				Marat read a book for 4 days (Monday, Tuesday, Thursday, Sunday) and given the information of number of pages per day: 20, 35, 15, 30. Construct a table and draw the polygon of frequencies and relative frequencies.
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				In the case of an interval statistical distribution, it is advisable to plot a histogram.
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					Definition

				

			

		

		
			
				A histogram of frequencies is a stepped figure consisting of rectangles, the bases of which are partial intervals of length dk, where , and the heights (in the case of equal intervals) should be proportional to the frequencies.
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				Construct a histogram of frequencies and relative frequencies by given table below.
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					2-5

				

				
					5-8

				

				
					8-11

				

				
					11-14

				

				
					14-17

				

				
					17-20
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					35

				

				
					64

				

				
					55

				

				
					21

				

				
					10

				

				Solution:

				Histogram of frequencies

				 

				Histogram of relative frequencies.

				To plot a histogram of relative frequencies instead of nk we need to take wk

				, where 
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					Example 2
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				History
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				The word "statistics" is derived from the Latin word "status" or the Italian word "statista," which means "political state" or "government." Shakespeare used the word "statist" in his drama "Hamlet" (1602). In the past, rulers used statistics for limited applications. However, they needed information about their states' land, agriculture, commerce, populations, and military potential, wealth, taxation, and other aspects of government.
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					Intervals of 
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					 (relative frequencies)
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					2-5

				

				
					15

				

				
					0.075

				

				
					5-8

				

				
					35

				

				
					0.175

				

				
					8-11

				

				
					64

				

				
					0.32

				

				
					11-14

				

				
					55

				

				
					0.275

				

				
					14-17

				

				
					21

				

				
					0.105

				

				
					17-20

				

				
					10

				

				
					0.05

				

				
					Total

				

				
					200

				

				
					1
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				Practice 2

				The following table shows the frequency that books are sold at a particular book store:

				
					Price

				

				
					1 tg to 10 tg

				

				
					10 tg to 20 tg

				

				
					20 tg to 30 tg

				

				
					30 tg to 40 tg

				

				
					Frequency

				

				
					100

				

				
					160

				

				
					100

				

				
					40

				

				Construct a histogram of frequencies and relative frequencies.

			

		

		
			
				CHAPTER 4

			

		

		
			
				[image: ]
			

			
				
					Definition

				

			

		

		
			
				When plotting histograms with unequal intervals along the ordinate axis, the frequency density is plotted, not frequency. 

				, where .
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				This must be done to eliminate the influence of the size of the interval on the distribution and to be able to compare frequencies.
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				Note

			

		

		
			
				 Using information of our solar system make a video about “Solar system” in your school’s football stadium or in your room.
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				  Construct a histogram of frequencies by given table below.
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					2-4

				

				
					4-8

				

				
					8-13

				

				
					13-15

				

				
					15-17

				

				
					17-20
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					15

				

				
					35

				

				
					64

				

				
					55

				

				
					21

				

				
					10

				

				Solution:

				Calculate the frequency density:

				
					Intervals of 
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					 (lengths)
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					  (densities)
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					2-4

				

				
					15

				

				
					2

				

				
					7.5

				

				
					4-8

				

				
					35

				

				
					4

				

				
					8.75

				

				
					8-13

				

				
					64

				

				
					5

				

				
					12.8

				

				
					13-15

				

				
					55

				

				
					2

				

				
					27.5

				

				
					15-17

				

				
					21

				

				
					2

				

				
					10.5

				

				
					17-20

				

				
					10

				

				
					3

				

				
					3.33

				

				
					Total

				

				
					200

				

				
					-

				

				
					-
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					Example 3
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				Practice 3

				Arman decided to conduct an observation and wrote out a table of rainfall over one year:

				Construct a histogram of frequencies.

				
					Dates

				

				
					Jan-Feb

				

				
					Feb-May

				

				
					May-Jul

				

				
					Jul-Sep

				

				
					Sep-Dec

				

				
					Frequency

				

				
					6

				

				
					21

				

				
					10

				

				
					14

				

				
					27

				

			

		

		
			
				Dimash is trainer of school basketball team. He measured height of every member of the team. Divide team members to 4 groups by height. Make a histogram for the 
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					Example 4
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				frequency of each group

				
					Number 

					of player

				

				
					1

				

				
					2

				

				
					3

				

				
					4

				

				
					5

				

				
					6

				

				
					7

				

				
					8

				

				
					9

				

				
					10

				

				
					11

				

				
					12

				

				
					Height

				

				
					183

				

				
					174

				

				
					184

				

				
					181

				

				
					176

				

				
					190

				

				
					189

				

				
					184

				

				
					178

				

				
					179

				

				
					172

				

				
					181

				

				Solution:

				Step 1: It is usefull to sort in ascending order

				172, 176, 178, 179, 181, 181, 183, 184, 184, 189, 190, 174

				Step 2: Finding the range by substituting from the biggest value the smallest one.

				max = 190, min = 172

				Range = 190 - 172 = 18

				Dividing range to 4 we find size of each group . So the size of each group is 5
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				Conclusion:

				The most frequently basketbal players are between 177 and 178 cm.

				There are small amount of very tall players( higher than 187 cm). Only 2 players.

				Amount of players in the intervals 172-177 and 182-187 are the same.
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				Practice 4

				Aidar passed mock UNT (Unified national test)-examinations in three months and received such results: 88, 93, 85, 77, 86, 94, 100, 104, 106, 110, 112, 107, 119, 118, 115. Divide all the results into 5 groups in ascending order and construct a table and histogram of frequency. Make a conclusion.

			

		

		
			[image: ]
		

		
			
				Note

			

		

		
			
				Ceiling of a number x is the smallest integer greater than or equal to x. It is denoted by . 

				For example: ; ; .

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				[image: ]
			

			
				[image: ]
			

		

		
			[image: ]
		

		
			
				CHAPTER 4
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					Definition

				

			

		

		
			
				Cumulative frequency is defined as the running total of frequencies. It is the sum of all the previous frequencies up to the current point.

			

		

		
			
				The cumulative frequency is usually observed by constructing a cumulative frequency table. The cumulative frequency table takes the form as in the example below.

			

		

		
			
				The set of data below shows the ages of participants in a certain summer camp. Draw a cumulative frequency table for the data.

				
					Age (years)

				

				
					10

				

				
					11

				

				
					12

				

				
					13

				

				
					14

				

				
					15

				

				
					16

				

				
					17

				

				
					Frequency

				

				
					5

				

				
					10

				

				
					27

				

				
					18

				

				
					6

				

				
					16

				

				
					38

				

				
					9

				

				Solution:

				
					Age (years)

				

				
					Frequency

				

				
					Cumulative Frequency

				

				
					10

				

				
					5

				

				
					5

				

				
					11

				

				
					10

				

				
					5+10=15

				

				
					12

				

				
					27

				

				
					15+27=42

				

				
					13

				

				
					18

				

				
					42+18=60

				

				
					14

				

				
					6

				

				
					60+6=66

				

				
					15

				

				
					16

				

				
					66+16=82

				

				
					16

				

				
					38

				

				
					82+38=120

				

				
					17

				

				
					9

				

				
					120+9=129

				

				Also, we can make cumulative graphs, too. Just plot each cumulative total. Let’s draw the line and bar graphs using the table information from Example 5.
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					Example 5

				

			

			
				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

	
		
			[image: ]
		

		
			[image: ]
		

		
			[image: ]
		

		
			
				133

			

		

		
			[image: ]
		

		
			[image: ]
		

		
			
				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						
							
								[image: ]
							

						

					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						
							[image: ]
						

						
							[image: ]
						

					

					
						[image: ]
					

					
						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

			

		

		
			
				Practice 5

				Madi has earned this much in the last 6 weeks in the USA during “Work&Travel” summer program:

				
					Weeks

				

				
					Earned

				

				
					1st

				

				
					$120

				

				
					2nd

				

				
					$50

				

				
					3rd

				

				
					$110

				

				
					4th

				

				
					$100

				

				
					5th

				

				
					$50

				

				
					6th

				

				
					$20

				

				Draw a cumulative frequency table for the data, line graph and bar graph.
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				PROBLEMS

			

		

		
			
				4.1
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				A

				1. Aydar scored the following numbers of goals in their last twenty matches:3, 0, 1, 5, 4, 3, 2, 6, 4, 2, 3, 3, 0, 7, 1, 1, 2, 3, 4, 3Which number had the highest frequency?

				2.

				The histogram shows the heights of 21 students in a class, grouped into groups of width 5 inches.How many students were greater than or equal to 55 inches tall but less than 70 inches tall?

				3. Jim measured the daily rainfall in mm at the same spot in his garden for each day in the year  (365 days). He recorded his results to the nearest millimeter. The results are shown in the following histogram:
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				On approximately what percent of the days was the rainfall more than 15 mm?

				4. Shows the scores of 20 students in a class for a mathematics test. The total score of the test is 10 marks.

				8 6 4 3 5 5 2 9 2 7

				7 7 6 2 6 4 4 6 10 6

				a. Construct a frequency distribution table for this data.

				b. Draw a histogram of the data.

				5. The winning scores for the first 34 Super

				Bowls are 35, 33, 16, 23, 16, 24, 14, 24, 16, 21, 32, 27, 35, 31, 27, 26, 27, 38, 38, 46, 39, 42, 20, 55, 20, 37, 52, 30, 49, 27, 35, 31, 34, and 23.

				a. Construct a frequency distribution table for this data.

				b. Draw a histogram of the data.

				c. Find the range of the data.

				B

				6. The table shows the masses, in kg, of 16 bags of wheat.

				43 30 26 25 36 25 36 36

				25 36 30 20 15 20 15 23

				a. Construct a frequency distribution table for this data.

				b. Draw a histogram of the data.

				c.Find the range of the data.

				7. The average daily temperature (in ∘C) of a city in autumn is recorded in the table.

				22 20 22 19 23 17 21 18 20 21

				20 20 18 21 19 21 19 19 21 19

				a. Represent the data on a diagram.

				b. Find the percentage of temperatures recorded that are at most 20 ∘C.

				c. comment on the distribution of the data
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				8. The average amount of sleep, in hours, that 24 students in class get on a weekday is given in the table.

				8 7 6 4 8 9 

				5 3 10 6 6 5

				3 8 7 5 7 4

				9 8 8 5 5 5

				a. Construct a frequency table for the data.

				b. Draw a histogram to illustrate the data.

				c. Calculate the percentage of students who get an average of at least 8 hours of sleep on a weekday.

				9. The times, in minutes, for 20 sportsmen to complete a running test are recorded in the table.

				7.9 8.3 7.8 8.5 7.4 8.3 7.0 8.1 8.3 8.5

				8.0 9.4 7.4 8.5 7.5 9.8 8.1 7.7 9.4 8.3

				a. Construct a frequency distribution table for this data.

				b. Draw a histogram of the data.

				c. What were the fastest and the slowest time taken?

				d. Find the percentage of sportsmen who took at least 8.5 minutes to complete the test.

				10. The number of mistakes made by 20 students in class for a vocabulary test is given in the table.

				3 4 6 0 2 2 4 3 5 3

				4 2 2 3 1 5 3 0 4 5

				a. Construct a frequency table for the data.

				b. Draw a histogram to illustrate the data.

				c. Among these students, what is the most common number of mistakes made?

				d. Find the fraction of students who made at most 3 mistakes in the test.

				
					[image: Marathon running group of men and women isolated on a white background - flat vector illustration.]
				

			

		

		
			
				C

				11. The histogram shows the number of hours spent on revising mathematics by all the students in a school during the week before the common test.

				a. Using the class intervals construct a frequency table for the data.

				b. Find the total number of students in the school.

				c. State the number of students who spent more than or equal to 4, but less than 6 hours, on revising mathematics in that week.

				d. Find the percentage of students who spent less than 6 hours on revising mathematics for the common test.

				12. The heights (in feet) of the tallest buildings in selected cities in the Kazakhstan are listed below.

				240 221 208 200 186 181 176 168 154 152 152 151 131 113 104 100 100 382

				a. Find the range of the heights of these buildings.

				b. Construct a frequency distribution table for this data.

				c. Draw a frequency polygon of the data.

				d. Which interval or intervals represent the greatest number of these buildings?
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				4.2

			

		

		
			
				Average value. Variance. Standard deviation

			

		

		
			
				Mean value

				When we talk about mean value in statistics we talk about arithmetic mean.

				Just summarize all numbers and divide to amount of the numbers i.e. the arithmetic mean () of a collection of n numbers(from a1 to a2) is given by the formula
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				 What is the mean of next set of numbers 12, 5, 10, 7

				Solution: 

				The sum of numbers . There are 4 numbers, so we need to divide to 4
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				So, mean is 8.5.
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					Example 1
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				Practice 1

				1. Sultan has next scores at the middle of the quarter

				
					Subject

				

				
					Score

				

				
					Algebra

				

				
					76

				

				
					Geometry

				

				
					81

				

				
					Physics

				

				
					65

				

				
					Chemistry

				

				
					80

				

				
					Biology

				

				
					95

				

				
					ICT

				

				
					67

				

				What is the mean score for the middle of the quarter?

				2. What is the mean of numbers 
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				Research time
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				 Find the mean of last exam points of your class. 
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				You will:
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				- know the definition and formulas to calculate variance and standard deviation.

			

		

		
			
				Variance and standart deviation

				Sometimes we want to know how to spread out numbers are. For this purpose we need to chose some reference point which will be mean. There are measure called variance that show how numbers spread from the mean. Variance denoted by  (small sigma)

				To calculate the variance you need to:

				1. Find mean
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				CHAPTER 4

			

		

		
			
				  Look to the next 2 set of numbers  and .
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				Solution:

				It is obvious that first set has greater range than the second one. Let’s calculate the variance to see it better

				1. Mean of the set of numbers  is 41.2. Therefore, 
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				2. Mean of the set of numbers  is 4.6. Therefore,

				
					[image: ]
				

				As you can see variance of the first set is much much bigger. There similar idea to distance between two points. But in practice we use square root of the variance which is called standart deviation . So standart deviations of the examples above are

				1. 

				2. 

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				[image: ]
			

			
				
					Example 2
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				Note

			

		

		
			
				Variance and standard deviation can’t be negative.
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				Research time
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				What is the average monthly temperature in your city? If the temperature in your city is consistent, what is the standard deviation? What can you infer about temperatures in other cities?

			

		

		
			
				Practice 2

				A booklet has 12 pages with the following numbers of words: 

				271, 354, 296, 301, 333, 326, 285, 298, 327, 316, 287 and 314. What are the variance and standard deviation number of words per page? (Calculate to two decimals)

			

		

		
			
				2. Substract mean from each variant 

				3. Take square of every diffrence of the previous step 

				4. Summarize all squared differences

				5. Find and average of the sum
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				PROBLEMS

			

		

		
			
				4.2
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				A

				1-3. Find the mean deviation and the standard deviation.

				1. {200, 476, 721, 579, 152, 158}

				2. {5.7, 5.7, 5.6, 5.5, 5.3, 4.9, 4.4, 4.0, 4.0, 3.8}

				3. {369, 398, 381, 392, 406, 413, 376, 454, 420, 385, 402, 446}

				4. Find the variance of {34, 55, 91, 13, 22}.

				5.

				23 29 26

				The data above shows the ages of three workers in a company. Find the standard deviation of this data.

				B

				6.

				
					A

				

				
					14

				

				
					15

				

				
					16

				

				
					B

				

				
					13

				

				
					15

				

				
					17

				

				
					C

				

				
					12

				

				
					15

				

				
					18

				

				
					D

				

				
					11

				

				
					15

				

				
					19

				

				Which set of numbers above has the highest standard deviation?

				
					[image: Male and female business tandem. Successful team riding together a bicycle for three, working in cooperation and agreement. Synchronization and professional togetherness metaphor. Vector illustration]
				

			

		

		
			
				7.

				
					Q

				

				
					14

				

				
					14

				

				
					14

				

				
					14

				

				
					16

				

				
					16

				

				
					R

				

				
					20

				

				
					21

				

				
					20

				

				
					21

				

				
					20

				

				
					21

				

				
					S

				

				
					19

				

				
					19

				

				
					19

				

				
					19

				

				
					19

				

				
					19

				

				
					T

				

				
					10

				

				
					10

				

				
					20

				

				
					20

				

				
					10

				

				
					20

				

				Which set of numbers above has a standard deviation of zero?

				 

				C

				8. The winning scores for the first 34 SuperBowls are 35, 33, 16, 23, 16, 24, 14, 24, 16, 21, 32, 27, 35, 31, 27, 26, 27, 38, 38, 46, 39, 42, 20, 55, 20, 37, 52, 30, 49, 27, 35, 31, 34, and 23.

				a. Find the range of the data.

				b. Construct a frequency distribution of the data.

				c. Draw a histogram of the data.

				d. What conclusions can you determine from the graph?

				9. The table shows the daily sales made by a 

				mobile ice cream salesman over one week. What was the value of the cumulative sales for Friday?

				
					Day

				

				
					Sales(in dollar)

				

				
					Monday

				

				
					51

				

				
					Tuesday

				

				
					63

				

				
					Wednesday

				

				
					37

				

				
					Thursday

				

				
					54

				

				
					Friday

				

				
					81

				

				
					Saturday

				

				
					123

				

				
					Sunday

				

				
					157

				

				10. The table shows the cumulative rainfall by month for one year for Delhi, India. Which 
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				month had the greatest rainfall?

				
					Month

				

				
					Cumulative Rainfall

				

				
					January

				

				
					2.7

				

				
					February

				

				
					4.7

				

				
					March

				

				
					6.4

				

				
					April

				

				
					7.0

				

				
					May

				

				
					7.6

				

				
					June

				

				
					14.1

				

				
					July

				

				
					35.1

				

				
					August

				

				
					52.1

				

				
					September

				

				
					67.1

				

				
					October

				

				
					70.2

				

				
					November

				

				
					70.3

				

				
					December

				

				
					70.8

				

				11. The conservation department kept a record of the number of rabbits on an island every ten years from 1950 to 2010. The following graph shows the cumulative frequency of the rabbit population:

				During which decade did the population increase the least?

				12. A class carried out an experiment to measure the lengths of cuckoo eggs. The length of each egg was measured to the nearest mm. The results are shown in the following histogram:
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				13. The following table gives the normal maximum daily temperature for Karaganda and Shymkent.

				
					Karaganda

				

				
					Shymkent

				

				
					january

				

				
					-9 ∘С

				

				
					5 ∘С

				

				
					february

				

				
					-8 ∘С

				

				
					7 ∘С

				

				
					march

				

				
					-1 ∘С

				

				
					14 ∘С

				

				
					april

				

				
					12 ∘С

				

				
					21 ∘С

				

				
					may

				

				
					20 ∘С

				

				
					27 ∘С

				

				
					june

				

				
					26 ∘С

				

				
					33 ∘С

				

				
					july

				

				
					27 ∘С

				

				
					35 ∘С

				

				
					august

				

				
					25 ∘С

				

				
					34 ∘С

				

				
					september

				

				
					19 ∘С

				

				
					28 ∘С

				

				
					october

				

				
					10 ∘С

				

				
					20 ∘С

				

				
					november

				

				
					0 ∘С

				

				
					12 ∘С

				

				
					december

				

				
					-7 ∘С

				

				
					7 ∘С

				

				a. Find the mean and standard deviation for the temperatures in Karaganda.

				b. Find the mean and standard deviation for the temperatures in Shymkent.

				c. Which city has a smaller variability in temperature?

				14. Find the value of x so that the mean of {2, 4, 5, 8, x} is 7.5.

				15. What is the value of x so that the mean of {x, 2x = 1, 2x, 3x = 1} is 6?
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				S U M M A R Y
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				A polygon of frequencies

				where  are variants and  are frequencies, 
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				A Histogram of Frequencies

				Cumulative Frequency 

				The sum of all the previous frequencies up to the current point.

				The Arithmetic Mean
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				Variance 

				Measure that show how numbers spread from the mean. It denoted by  (small sigma)

				Standard Deviation

				Square root of the variance .
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				INEQUALITIES

			

		

		
			
				5.1 QUADRATIC INEQUALITIES

				5.2 RATIONAL INEQUALITIES

				5.3 SOLVING THE SYSTEM OF INEQUALITIES

			

		

		
			[image: ]
		

		
			
				Chapter 5
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				5.1

			

		

		
			
				Quadratic inequalities
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				You will:
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				- solve quadratic inequalities.

			

		

		
			
				As an equation concept of inequalities related with concept of comparison of objects. If an equation say that objects are “same”, an inequity about difference of object. 

				There 2 types of inequalities depending on a sign: 

				1. Inequalities with signs  and  are called strict inequalities. It is because answer of this type inequalities strictly not include case of equality.
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				2. Inequalities with signs  and  are called non-strict inequalities. On the other hand, this type of inequalities includes case of equality if it is existing.
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				 is strict inequality and answer for this inequality is all number that greater than a except a itself which shortly written as .
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				 is non-strict inequality and answer include answer of previous example and case when  that is .
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				For example,

				, , , and  are linear inequalities.
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				History
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				Modern signs of inequality appeared only in the XVII-XVIII centuries. In the year 1631, the English mathematician Thomas Garriot introduced the inequality signs < and > for the relations “greater” and “less”, which are still used today. The symbols ≤ and ≥ were introduced in 1734 by the French mathematician Pierre Bougard.
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				Concept of inequalities

			

		

		
			
				Note
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				Note

			

		

		
			
				We take infinity to the round brackets because infinity is not a number, it’s an idea. You can get closer to infinity substituting millions and billions or even bigger numbers. But you will never reach infinity.
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				Review of linear inequalities
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					Definition

				

			

		

		
			
				Linear inequalities are inequalities of the form 
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				Where a and b are any real numbers, but .
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				Solve the inequality .

				Solution:

				At first, we collect the variables on the left side and constants on the right side.

				And then divide both sides to –3. Sign will be changed since –3 is negative. 
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					Example 1
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				CHAPTER 5

			

		

		
			[image: ]
		

		
			
				Note

			

		

		
			
				Filled circle  corresponds to non-strict inequalities, that is point belong to the solution and unfilled circles  corresponds to strict inequalities that is point don’t belong to solution.
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				Practice 1

				Solve the inequalities and draw the graphs.

				a. 	b. 
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				c. 	d. 
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				Quadratic inequalities
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					Definition

				

			

		

		
			
				Quadratic inequalities are inequalities of the form	
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				where  since inequality become linear.
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						Terminology
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				Linear inequalities - сызықтық теңсіздіктер/ линейные неравества 

				Non-strict – қатаң емес/ нестрогий 

				Quadratic inequalities - квадраттық теңсіздіктер/квадратные неравенства

				Strict – қатаң/ строгий 

			

		

		
			
				So, the solution is . It means that the answer of inequality is any number greater than 1 and 1 itself. 

				Graphically: 

				All values of x lie on the horizontal axis. Since 1 is in answer it needs to be denoted by filled circle. Other solutions will be denoted by drawing. 
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				We have seen how to solve linear inequalities such as 

				But how do we solve quadratic inequalities such as 

				First we write the inequalities in standard form, leaving only zero on the right side 

				In this example, we are looking for values of x that will make the quadratic on the left side greater than zero.

				First, let us find the zeros of the polynomial 
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				Then we construct a sign chart for each linear factor of the polynomial, and their product.
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				Note

			

		

		
			
				A root or zero of a polynomial is the value(s) of x that cause the polynomial to equal 0.
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				Note

			

		

		
			
				Linear factor is factor of the form .
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				If each linear factor has positive coefficient of x then sign chart will start with + from the right.

				Since , we need to take the positive intervals.

				Therefore, the solution is the union of intervals  and  i.e. .
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				We can also construct the sign chart in one step. The zeros of the polynomial divide the real number line into three intervals, ,  and . We know that the polynomial has constant sign in each of these three intervals. If we select a test number in each interval and evaluate the polynomial at that number, then the sign of the polynomial at this test number must be the sign for the whole interval.
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				Let us try testing each interval in our problem. Choose a number from each interval, and substitute for x in the original inequality. 

				For example,

				We could choose the numbers –2, 2 and 4.

				
					Test number
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					Value of the polynomial
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					Sign of the polynomial
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				With this information, we can draw the sign chart.

				This is the same as the last line of the previous chart.

				We can also use the discriminant of a quadratic to help complete the sign chart.

				If , the polynomial  has the opposite sign to a between the zeros of the polynomial and the same sign as a in other intervals.
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				Activity

			

		

		
			
				Work in a group!

				Explain the difference between a quadratic equation and a qua-dratic inequality to each other. How can we iden-tify and solve each type of problem? What is the geometric interpretation of each?
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						Terminology
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				Filled circle - боялған шеңбер/ закрашенная окружность

				Interval - аралық/интервал

				Unfilled circle - боялмаған шеңбер/незакрашенная окружность

			

		

		
			
				Discussion

			

		

		
			[image: ]
		

		
			
				Work in a group!

				Does the sign chart for any given quadratic in-equality always alter-nate? Explain and illus-trate your answer with some examples to your classmates.
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				 Solve the inequality .

				Solution: 

				First we write the inequalities in standard form, leaving only zero on the right side

				Let us find the zeros of the polynomial .
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				Then we construct a sign chart for each linear factor of the polynomial, and their product.

				The first linear factor has positive coefficient of x and the second linear factor has negative coefficient of x, then sign chart will start with "" from the right.

				Since , we need to take the negative intervals. Therefore, the solution is .
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					Example 2
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				If , then of the polynomial  has the same sign as a but we must consider the zero of the polynomial.
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				If , then the polynomial  always has the same sign as a.
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				CHAPTER 5
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				Real life
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				Calculating Room Areas

				You need to calculate the area of rooms, box-es or plots of land. An example might involve building a rectangular box where one side must be twice the length of the other side. For ex-ample, if you have only 4 square feet of wood to use for the bottom of the box, with this infor-mation, you can create an equation for the area of the box using the ra-tio of the two sides. This means the area -- the length times the width -- in terms of x would equal x times 2x, or 2x2. This equation must be less than or equal to four to successfully make a box using these constraints.

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			[image: ]
		

		
			
				Note

			

		

		
			
				To find zeros of quadratic equation we can use Quadratic formula i.e.

				or
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				 Solve the inequality .

				Solution:

				Let us find the zeros of the polynomial.

				Discriminant help to complete the sign chart. So, lets find discriminant of the polynomial . Then,. As we know, if , the polynomial  has the opposite sign to a between the zeros of the polynomial and the same sign as a in other intervals. For this polynomial a is –3. Then,
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				Hence, .
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					Example 3
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				Practice 3

				Solve following inequalities.

				a. 	b. 
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				Solve the inequalities. 

				a. 	b. 	c. 
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					Example 4
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				Practice 2

				Solve given inequalities.

				a. 	b.  
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						Terminology
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				Empty set - бос жиын/пустое множество 

				Leaving - қалдырып/оставляя

				Sign - таңба/ знак

			

		

		
			
				Solution:

				a. Let us find the zeros of the polynomial .
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				So, lets find discriminant of the polynomial . Then,. If , then of the polynomial  has the same sign as a but we must consider the zero of the polynomial. For this polynomial a is 1. Then, 
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				So the solution sets of this quadratic inequality is .

				b. Let us find the zeros of the polynomial .
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				Inequality is non-strict, zeros of this inequality denoted by filled circle and they will belong to solution. So the only solution is .

				c. Let us find the zeros of the polynomial .
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				CHAPTER 5
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				History
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				Formulas for solving quadratic equations and inequalities in Europe were the first set out in 1202 in the “Book of the abacus” by the Italian mathematician Leonard Fibonacci.
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				Practice 4

				Solve following inequalities

				a. 	b. 
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				c. 	d. 
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				Solve the inequality .

				Solution:

				We cannot find zeros of the polynomial by Factoring method. At first, lets find discriminant of the polynomial . Then, . If , then the polynomial  always has the same sign as a. For the equation a is 3. Then, 
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				 is always positive, so .
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				For a driver aged x years, a study found that the driver's reaction time  (in milliseconds) to a visual stimulus such as a traffic light can be modeled by: 
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				where x is the driver’s age (in years). At what ages does a 
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					Example 5
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					Example 6
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				Practice 5

				Solve following inequalities.

				a. 	b. 
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				Since inequality is strict zeros will be unfilled circle. Therefore, there is no solution.
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				Note

			

		

		
			
				We will say empty set  to mean that there is no solution.
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				Practice 6

				A study of driver reaction times to audio stimuli found that the reaction time  (in milliseconds) of a driver can be modeled by
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				where x is the driver’s age (in years). At what ages does a driver’s reaction time tend to be greater than 13 milliseconds?
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				Research time
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				Can we prove this inequality using the completing the square method? If we can, please show your solution.
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				Research time
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				We can solve inequalities with another method. More precisely, using by graphical methods. Find more information about this method and make a poster.

			

		

		
			
				driver’s reaction time tend to be greater than 25 milliseconds?

				Solution: 

				You want to find the values of x for which: 

				Graph  on the domain . 
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				The graph's x-intercept is about 57, and the graph lies above the x-axis when .

				Drivers over 57 years old tend to have reaction times greater than 25 milliseconds.

				
					[image: ]
				

				
					[image: ]
				

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

				
					[image: ]
				

			

		

		
			
				CHAPTER 5

			

		

	
		
			[image: ]
		

		
			[image: ]
		

		
			
				PROBLEMS
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				A

				1. Solve the inequalities

				a. 	

				b.  

				c.  

				d.  

				e.  

				f. 

				g.  

				h. 

				i.  

				j.  

				k. 

				l. 

				m. 

				n. 

				o. 

				p. 

				q. 
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				r. 

				2. Determine the sign of each polynomial

				a. 	b.  
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				c. 	d.  
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				e. 	f. 	
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				3. Solve the quadratic inequalities

				a.  

				b.  

				c.  

				d.  

				e.  

				f. 

				g. 

				h. 

				i. 

				j. 

				k. 

				B

				4. Solve the quadratic inequalities

				a. 

				b.  

				c.  

				d. 

				e.  

				f. 
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				g. 

				h. 

				i. 

				j. 

				k. 

				5. Consider the equation . For which values of m does the equation have

				a. no real root?

				b. one double root? 

				c. two distinct real root?

				С

				6. Solve the quadratic inequalities

				a. 

				b.  

				c.  

				d. 

				e.  

				f. 

				g. 

				h. 

				i. 

				7. Solve the inequalities :

				a. 

				b. 

				c.  

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				d. 

				8. If r and s positive number satisfying the inequality , which of the following

				must be true?

				a. 

				b. 

				c.  

				d. 	

				e. r and s can be any numbers as long 

				9. If  which of the following statements must be true?

				a. 

				b. 

				c.  

				d. 	

				10. Which of the expressions below has the largest value for 

				a. 

				b. 

				c.  

				d. 	

				11. Solve the inequalities :

				a. 

				b. 

				c.  

				d. 	

				e. 
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				Rational inequalities
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				You will:
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				- solve rational inequalities.
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					Definition

				

			

		

		
			
				Inequalities of the form
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				are called rational inequalities.

				Here  and  are polynomials and .
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				For example,

				 and  are rational inequalities.
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				Fact
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				Quadratic inequali-ties studied by other outstanding mathemati-cians - Shtifel Cardano, Francois Viet, Rene Des-cartes, Newton.

			

		

		
			
				Discussion
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				Work in pairs. 

				Solve following practice and discuss the answer. Drop a ball off the top of a 10 foot pool slide, and the ball follows the projectile h(t)=−16t2 + 6, where t is the time in seconds, and h is the height of the ball. Your friend needs to catch the ball between 2 feet and 5 feet off the top of the water (ground). Be-tween what two times should your friend try to catch the ball?

				
					[image: Kids throwing a ball to each other]
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				How to solve a rational inequality?

				Step 1: Write the inequality in the general form. One side must be zero and the other side can have only one fraction, so simplify the fractions if there is more than one fraction.

				Step 2: Find the zeros and where denominator (if applicable) is zero.

				Step 3: Construct a sign chart, using filled circles for ,  and open circles for ,  and zero denominator values. 
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				Step 4: We choose a test value in each interval and evaluate the rational expression at that value. The sign of the rational expression at the value tells us the sign for the entire interval.

				Step 5: Write your answer in interval notation. 

				Only right the positive intervals if the original problem is  or .
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				Only write negative intervals if the original problem is  or .
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				Note

			

		

		
			
				Do not being solving

				by multiplying both sides by . We do not know if  is positive or negative. Thus, we do not know whether or not to change the sence of the inequality.
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				CHAPTER 5
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						Terminology
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				Entire - тұтастай/ весь

				Rational inequalities - рационалды теңсіздіктер/рациональные неравенства

			

		

		
			
				Solve the following inequality 

				And write your answer as interval or union of intervals. 

				Solution:

				Step 1: Write the inequality in the general form. One side must be zero and the other side can have only one fraction, so simplify the fractions if there is more than one fraction.

				The inequality is equivalent to the one we wish to slove. It is in the form .

				Step 2: Find the zeros and where denominator (if applicable) is zero.
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				Step 3: Construct a sign chart, using filled circles for ,  and open circles for ,  and zero denominator values. 
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					Example 1
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				Note

			

		

		
			
				The least common denominator (LCD) is the smallest number of all the common multiples of the denominators when 2 or more fractions are given.
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				Step 4: We choose a test value in each interval and evaluate the rational expression at that value. The sign of the rational expression at the value tells us the sign for the entire interval.

				
					Interval

				

				
					Test Value

				

				
					Substitute into
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					negative
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					positive
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					negative
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					for all
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				Step 5: Write your answer in interval notation. 

				We are trying to solve the inequality . So, the solution is the set of all x-values that make the rational expression negative. From the sign chart, we see that the rational expression is negative on the intervals. 
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				The graph of the solution set on a number line is shown as follows:
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				Note

			

		

		
			
				Since division by zero is never allowed, the zeros of denominator must not be included in the solution set.
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				Research time
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				By using the rules above, we can use another method to determine sign of each interval in the sign chart. Do a research and explain to your class.

				
					[image: ]
				

			

		

	
		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				155

			

		

		
			[image: ]
		

		
			[image: ]
		

		
			
				Practice 1

				Solve the inequalities.

				a. 	b. 
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				c.  	d. 
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				Solve the following inequality 

				And write your answer as interval or union of intervals. 

				Solution:

				Given inequality written in general form. So, let's find all zeros of the polynomials.
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				With all zeros of the polynomials, we construct a sign chart. Then we choose a test value in each interval and determine the sign of the rational expression on the intervals. So, 

				By the sign chart above, we can see that the solution set of the given inequality is
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					Example 2
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				Practice 2

				Solve the inequalities.

				a. 	b. 
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				Solve the following inequality 

				Solution:

				This inequality is in the form . So, let's find all zeros of the polynomials.
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				With all zeros of the polynomials, we construct a sign chart. Then we choose a test value in each interval and determine the sign of the rational expression on the intervals. So, 

				Since the solution is the set of all x-values that make the rational expression negative. Then, 
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				Solve the following inequality 

				And write your answer as interval or union of intervals. 

				Solution:

				We must write the inequality in the general form. At first, find 
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					Example 3
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					Example 4
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				Practice 3

				Solve the inequalities.

				a.  b. 
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				Note

			

		

		
			
				If the power is an odd number, you can ignore it when you calculate the zero. If the power is an even number, consider it just as 2 when you calculate the zero.

			

		

		
			
				[image: ]
			

			
				[image: ]
			

		

		
			[image: ]
		

	
		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				157

			

		

		
			[image: ]
		

		
			[image: ]
		

		
			[image: ]
		

		
			
				Practice 4

				Solve the inequalities.

				a.  b. 
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				the least common denominators (LCD) of all fractions and then simplify the fractions.

				So, let's find all zeros of the polynomials. 
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				Construct a sign chart. Then we choose a test value in each interval and determine the sign of the rational expression on the intervals. So, 

				Since the solution is the set of all x-values that make the rational expression negative. Then, 
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				PROBLEMS
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				A

				1. What is a rational inequality?

				2. Determine whether each statement is true or false. If the statement is false, make the necessary changes) to produce a true statement.

				a. The solution set of  is .
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				b. The inequality  can be solved by multiplying both sides by , resulting in the equivalent inequality .
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				c.  and  have the same solution set.
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				d. We began the solution of the rational inequality  by setting both  and  equal to zero.
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				3. Solve the rational inequalities

				a.  g. 
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				b.  h. 
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				c.  i. 
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				d.  j. 
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				e.  k. 

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				f.  l. 
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				B

				4. Solve the rational inequalities

				a. 	

				b.  

				c. 	

				d.  

				e. 

				f.  

				g. 

				h. 

				5. Solve the rational inequalities

				a. 	

				b.  

				c. 	

				d.  

				e. 
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				f. 

				g. 

				h. 

				i. 

				j. 

				С

				6. Solve the rational inequalities

				a. 

				b. 

				c. 	

				d.  

				 

				e.  

				7. Solve the rational inequalities

				a. 	

				b. 

				c. 
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				d. 

				e. 

				 

				8. Write a polynomial inequality whose solution set is .

				9. Write a rational inequality whose solution set is .

				10. Solve the inequalities

				a. 	

				b. 

				c. 

				d. 

				e. 
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				System of inequalities
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				You will:
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				- solve systems of two inequalities, one of which is linear, and the second is quadratic;

				- solve systems and sets of two quadratic inequalities.

			

		

		
			
				We know that a set of simultaneous equations to solve is called a system of equations. A system that includes more than one inequality is called an inequality system. To find the solution of a system, we solve each inequality separately and then find the intersection of the solutions.

			

		

		
			
				System of inequalities one of which linear and the second is quadratic

			

		

		
			
				Solve system of inequality

				Solution:

				First find the zeros of each polynomial.
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				We need to find values so that the first polynomial is greater than zero, and the second polynomial is less than zero. Let's construct a sign chart. Remember that in the sign chart, we start from the right to left with the sign of the coefficient of the leading term of 'a' for each polynomial. After each root, change the sign, but if there is a double root, do not change the sign.Then, 

				We can see that first polynomial is greater than zero second polynomial is less than zero when . This is the intersection of the solutions.
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					Example 1
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				Activity

			

		

		
			
				Work in pairs!  

				Solve inequalities, orally. What can you say about graphs? Pronounce the solution and algorithm to the neighbor, while writing down solution in the notebook. The neighbor listens and corrects.
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				CHAPTER 5

			

		

		
			
				Practice 1

				Solve system of inequalities

				a. 	b. 	
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				c. 	d. 
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				Discussion
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				Work in a group! 

				Find the mistake in the following example and discuss the solution with your friend. Explain your opinion about this task.
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						Terminology
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				Separately - бөлек/ по отдельности

				Simultaneon – бір мезгілде/одновременный

				System of inequalities - теңсіздіктер жүйесі/система неравенств

			

		

		
			
				Solve system of inequality

				Solution:

				Firstly, we write each polynomial in standrad form, and the we will find the zeros of each polynomial.
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				We need to find values so first polynomial is greater than zero and the second polynomial is less than or equal to zero. Let us check the chart. 
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					Example 2
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				System of two quadratic inequalities
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				Activity

			

		

		
			
				In the center of a square pond whose side measures 10 m grows a plant whose top reaches 1 m above the water level. If we pull the plant toward the bank, its top becomes even with the water surface. What is the depth of the pond and the length of the plant?
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				We can see that irst polynomial is greater than zero and the second polynomial is less than or equal to zero when . This is the intersection of the solutions.
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				Practice 2

				Solve system of inequalities

				a. 	b. 
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				Solve system of inequality

				Solution:

				The inequalities written in standard form. So, we will find the zeros of each polynomial.
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				We need to find values such that the first polynomial is greater than zero and the second polynomial is less than or equal to zero. Let's check the sign chart. Remember that, in the sign chart, we start from the right and move left, indicating the sign of the coefficient of the leading term of each polynomial. After each root, we change the sign, but if there is a double root, we do not change the sign. Then, 
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					Example 3
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				Practice 3

				Solve system of inequalities.

				a. 	b. 
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				c. 	d. 

				
					[image: ]
				

					

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				
					
						[image: ]
					

					
						[image: ]
					

					
						
							Terminology
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					Intersection – қиылысы/пересечение

					System of two quadratic inequalities - екі квадрат теңсіздіктер жүйесі/система двух квадратичных неравенств
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				We can see that first polynomial is greater than zero second This time, first polynomial is greater than zero and the second polynomial is less than or equal to zero, so . This is the intersection of the solutions.
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				CHAPTER 5
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				PROBLEMS
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				A

				1. Solve the inequality systems.

				a.  f. 
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				b.  g. 
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				c.  h. 
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				d.  i. 
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				e.  j. 
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				B

				2. Solve the inequality systems.

				a. 	b. 
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				c. 	d. 
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				e. 	f. 
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				3. Solve the inequality systems. 

				C

				4. Solve the inequalities.

				a.  

				b. 

				c.  

				5. For which values of m are following inequalities satisfied for any real number x?

				a. 	

				b.  

				c. 	

				d. 
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				6. Solve the inequalities.

				a.  b. 
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				c. 

				7. Solve the inequality systems.

				a. 

				b. 

				c. 

				8. Solve the system of inequalities.

				a. 

				b. 

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				9. The variable  is a positive integer. If  and , how many possible values are there for ?
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				10. Solve the given system of inequality and find how many possible integer values have the inequality. 
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				S U M M A R Y
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				Quadratic inequalities 

				Quadratic inequalities are inequalities of the form
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				where  since inequality becomes linear.

				Rational inequalities

				Inequalities of the form
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				are called rational inequalities.

				Here  and  are polynomials and .
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				You can use the same solving algorithm for both of them:

				Find zeros of numerator and denominator

				Pick out zeros of even power from the previous step

				Draw the -axis and put the roots here

				Fill the circles that correspond to zeros of numerator if inequality is non-strict

				Pick out zeros of even power

				Pick out zeros of even power of 
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				numerator by flag

				Find sign of an interval at the right end

				Find all signs

				Pick out intervals of solution. Check for isolated solutions in the case of non-strict inequality

				System of inequalities

				When we talk about solution of system of inequalities we talk about solutions that satisfy both of this inequalities. In other words we need to find intersection  of this inequalities.

				You need to:

				Find solution of first inequality

				Find solution of second inequality

				For both solutions larger number have to stand next to smaller number 

				Find what is common for both inequalities. 

				Write previous step at interval form
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				REVIEW EXERCISES FOR

				8th GRADES
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				review Exercises for 8th grade
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				1. Identify each of the following as rational or irrational:

				a.  b.  c.  d. 
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				e.  f.  g.  h.
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				2. Evaluate:

				a.  

				 

				b.  

				 

				c.  

				d. 

				e. 

				3. Evaluate:

				a.  

				 

				b.  

				 

				c. 

				d. 

				4. Evaluate:

				a. 

				b. 

				c.  

				d.  
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				e.  

				f. 

				g. 

				h. 

				i. 

				j. 

				5. Evaluate:

				a.  

				b.  

				c.  

				 

				d. 

				e. 

				f. 

				g. 

				h. 

				6. Evaluate:

				a. 

				b. 

				c. 

				d. 

				e. 
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				review Exercises for 8th grade
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				7. . Simplify.

				a.  

				b. 

				c. 

				d. 

				e. 

				f. 

				8. . Simplify:

				a.  

				b. 

				c.  

				d. 

				e.  

				 f. 

				g.  

				 

				h. 

				i. 

				j. 

				9. Compare the numbers.

				a.  and 4 b.  and 4 
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				c.  and 5 d.  and 7 
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				e.  and 7

				f.  and 5

				g.  and 
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				h.  and 
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				10. Solve the equations:

				a. 	b.  
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				c. 	d.  
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				e. 	f.  
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				g. 	h. 

				
					[image: ]
				

				11. Solve the equations:

				a.  b.  
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				c.  d.  
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				e.  f.  
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				g.  h.  
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				i.  j.  
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				k.  l. 
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				12. Solve the equations:

				a.  b.  
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				c.  d. 
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				e.  f. 
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				g.  h. 
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				m.  n. 
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				o.  p. 
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				review Exercises for 8th grade
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				13. Solve the equations:

				a. 

				b. 

				c. 

				d. 

				e. 

				f. 

				g. 

				h. 

				i. 

				j. 

				k. 

				l. 

				m. 

				14. Solve the equations:

				a.  b. 
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				c.  d. 
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				15. Solve the equations:

				a.  

				 

				b. 

				c.  

				 

				d. 

				e. 
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				f. 

				g. 

				16. Solve the equations:

				a.  

				b. 

				c.  

				d. 

				e.  

				f. 

				17. Solve the equations:

				a.  

				b.  

				c.  

				d.  

				18. The equation has two real roots. Find all possible values of .

				
					[image: ]
				

				19. For what values of  does the equation  have a double root?
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				20. For which values of  does the equation  have no real solution?
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				21. Find a quadratic equation whose roots are 1 and -7.

				22. Find a quadratic equation whose roots are  and .
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				23. Find a quadratic equation whose roots are  and .
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				review Exercises for 8th grade
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				24. The sum of two numbers is 27 and their product is 72. Find the numbers.

				25. The length of a rectangle is 6 cm more than its width and the area is 91 cm2. Find the length and width.

				26. The three sides of a right triangle are x, x+7 and 17. Find x, if the longest side is 17.

				27. The sum of a number and it reciprocal is . Find the number. 

				28. The product of two numbers is 42. The sum of squares is 85. Find the numbers.

				29. The sum of reciprocals of two consecutive integers is . Find the integers. 

				30. The sum of two numbers is 20. The sum of squares is 250. Find the numbers.

				31. The area of a square exceeds twice that of another by 49 cm2. If the difference of the perimeter between the two is 20 cm, find the area of the smaller square.

				32. The hypotenuse of a right triangle is 37 cm long. One leg is 23 cm longer than the other leg. Find the length of the shorter leg of the right triangle. 

				33. Area of a rectangle is 72 cm2 and its perimeter is 34 cm. Find lengths of sides of the rectangle.

				34. Solve the inequalities:

				a.  b. 
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				c.  d. 
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				e.  f. 
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				g.  h. 
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				35. Solve the inequalities:

				a.  b. 
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				c.  d. 
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				e.  f. 
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				g.  h. 
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				i.  j. 
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				k.  l. 
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				m.  n. 
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				36. Solve the inequalities:

				a. 

				b. 

				c. 

				d. 

				37. Solve the inequalities:

				a.  b. 
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				c.  d. 
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				e.  f. 
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				38. Solve the inequalities:

				a.  b. 
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				c.  d. 
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				review Exercises for 8th grade
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				e.  f. 
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				g.  h. 
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				39. Solve the systems of inequalities:

				a.  b. 
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				c.  d. 
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				40. Find the coordinates of the vertex point of each function. 

				a.  b. 
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				c.  d. 
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				e.  f. 
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				g.  h. 
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				41. Write the equation of the axis of symmetry of each function.

				a.  b. 
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				c.  d. 
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				e.  f. 
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				42. Find x- and y-intercepts of each function.

				a.  b. 
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				c.  d. 
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				e.  f. 
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				43. Find the maximum or minimum values of the functions.

				a.  b. 

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				c.  d. 
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				e.  f. 
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				g.  h. 
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				44. Sketch the graphs of the functions.

				a.  b. 
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				c.  d.  
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				e.  f. 

				
					[image: ]
				

				45. Write the equation of each parabola.
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