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				PREFACE

			

		

		
			
				Algebra 9 is designed to provide learners to improve and develop their mathematical background needed for further algebra courses.

				Starting from the first pages, you will realize that this textbook is completely different from any other usual textbook full of theoretical passages and formulas. Every chapter contains useful information, curious facts, tasks for individual and group work. You will also learn how to conduct research and experiments yourselves, search for information, make your discoveries. By the end of the book, students will have a good understanding of the analytic approach to solving problems. In addition, we have provided many systematic explanations throughout the text that will help instructors to reach the goals that they have set for their students.

				One more valuable feature of this textbook is the language. Every sentence has been carefully chosen so that it is not difficult for you to understand mathematics in the English language. Each page contains translations of all the important terms, both in Kazakh and Russian. This textbook will not only help you improve your English, but it will also make you a part of a big international science community.

				This textbook consists of five chapters, which cover EQUATIONS. INEQUALITIES IN TWO VARIABLES AND THIER SYSTEMS, ELEMENTS OF COMBINATORICS, NUMBER SEQUENCES, TRIGONOMETRY, ELEMENTS OF PROBABILITY THEORY respectively. Each chapter begins with basic definitions, theorems, and explanations which are necessary for understanding the subsequent chapter material. In addition, each chapter is divided into subsections so that students can follow the material easily.

				Every subsection includes self-test PRACTICE problem sections. Teachers should encourage their students to solve PRACTICE problems themselves because these problems are fundamental to understanding and learning the related subjects or sections. At the end of every section, there are PROBLEMS categorized according to the structure and subject matter of the section. Problems are graded in order, from easy (A) to difficult (C). In addition, at the end of every chapter there is SUMMARY categorized according to the structure and subject matter of the chapter.

				Please pay attention to the structure of this textbook. Remember: a textbook is no longer the only source of information in the modern world. With the help of carefully selected tasks, you are going to learn such important skills as critical thinking, problem solving, information analysis, creativity, imagination, teamwork, digital literacy, etc.

				Best regards,

				team of authors, “Астана-кітап”
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				A

				1. Simplify

				a.  b. 	c. 	d. 	e. 	f. 
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				2. Simplify the following expressions, write your answer as a power of the number in brackets.

				a. 	b. 
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				c. 	d. 
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				e. 	f. 
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				3. Simplify as far as possible.

				a. 	b. 
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				c. 	d. 
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				e. 	f. 
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				g. 		h. 
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				4. Simplify as far as possible.

				a. 	b. 
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				c. 	d. 
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				e. 

				f. 

				g. 		
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				h. 

				5. Solve the following equations:

				a. 

				b. 

				c. 

				d. 

				e. 

				f. 

				g. 	h. 
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				6. Sketch the graphs of the following.

				a. 	b. 
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				c. 	d. 
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				7. Karina and Jackie intend to go skiing in February. They have information about the expected snowfall in February for two possible places. Find the best place to go skiing in February. 
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				8. The sum of three consecutive numbers is 276. Find the numbers.

				9. The sum of three consecutive odd numbers is 177. Find the numbers.

				10.  The sum of two numbers is 50. The second number is five times the first. Find the numbers.

				11. Two numbers are in ratio 1:11 and their sum is 15. Find the numbers.

				12. Simplify .

				13.  and  written in standard form
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				a. Find their sum.

				b. Find their difference.

				14. Solve the following simultaneous equations either by elimination or substitution methods:

				a. 	b. 
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				c. 	d. 
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				15. Simplify. 

				a. 

				b. 

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				B

				16. Simplify the following expressions, writing your answer as a power of the number in brackets.

				a. 	b. 
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				c. 	d. 
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				e. 	f. 
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				g. 	h. 
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				17. Remove the brackets and simplify.

				a. 	b. 
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				c. 	d. 
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				e. 	f. 
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				g. 		

				h. 

				18. Remove the brackets and simplify.

				a. 	b.  c. 	d.  
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				f. 

				g. 		

				h. 
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				19. Use the substitution method to solve the following:

				a. 	b. 
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				c. 	d. 
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				e. 	f. 
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				20. The chart shows information about people who use the Internet regularly.

				a. What is approximate percentage of the male group in the 5-9 age use the Internet on regular basis.

				b. In what age groups do more women than men use the Internet?

				21. Simplify .
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				22. The area of the square exceeds the area of the rectangle by 13 cm2. Find y.

				23. The area of the square is half the area of the rectangle. Find x.

				24. The width of a rectangle is one third of the length. If the perimeter is 96 cm, find the width.

				25. Find the gradient of the line and the intercept on the y-axis. Hence draw the graph of each line. 

				a. 	b. 
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				c. 		d. 
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				e. 		f. 
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				26. Simplify .

				27. Find, in its simplest form, the product of  and .
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				28. Given that , evaluate .
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				29. Prove that  is divisible by 12, where .
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				30. Simplify.

				a. 

				b. 

				C

				31. Solve the following equations, expressing the value of p and q in terms of x and/or a constant number:

				a. 	

				b. 
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				c. 		

				d. 

				32. For the following linear equations, calculate both the gradient and y-intercept in each case.

				a. 	b. 
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				c. 		d. 
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				e. 		f. 
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				33. Calculate.

				a. Copy and complete the table below for the function .

				
					x

				

				
					-7

				

				
					-6

				

				
					-5

				

				
					-4

				

				
					-3

				

				
					-2

				

				
					-1

				

				
					0

				

				
					1

				

				
					2

				

				
					y

				

				
					3

				

				
					3

				

				b. Plot the graph of the function.

				34. Use the elimination method to solve the following:

				a. 	b. 
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				c. 		d. 

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

	
		
			[image: ]
		

		
			
				12

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			[image: ]
		

		
			
				review Exercises for 5-8th grades

			

		

		
			[image: ]
		

		
			
				e. 	f. 

				
					[image: ]
				

				35. Find two numbers with a sum of 15 and a difference of 4.

				36. Twice one number added to three times another gives 21. Find the numbers, if the difference between them is 3.

				37. The average of two numbers is 7, and three times the difference between them is 18. Find the numbers.

				38. Half the difference between two numbers is 2. The sum of the greater number and twice the smaller number is 13. Find the numbers.

				39. A shop owner can buy either two televisions and three DVD players for 1750 tg or four televisions and one DVD player for 1250 tg. Find the cost of one of ach.

				40. If the numerator and denominator of a fraction are both decreased by 1 the fraction becomes . If the numerator and denominator are both increased by 1 the fraction becomes . Find the original fraction.
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				41. At the present time a man is four times as old as his son. Six years ago he was 10 times as old. Find their present ages.

				42. A fish can swim at 14m/s in the direction of the current and at 6m/s against it. Find the speed of the current and the speed of the fish in still water.

				43. A submarine can travel at 25 knots with the current and at 16 knots against it. Find the speed of the current and the speed of the submarine in still water.

				44. Draw the following curves:

				a. 

				b. 

				c. 

				d. 

				45. Express  as a fraction in its simplest form. 
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				EQUATIONS. INEQUALITIES IN TWO VARIABLES AND THEIR SYSTEMS

			

		

		
			
				1.1 NON-LINEAR EQUATIONS IN TWO VARIABLES AND THEIR SYSTEMS

				1.2 INEQUALITIES IN TWO VARIABLES. SYSTEMS OF NON-LINEAR INEQUALITIES IN TWO VARIABLES
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				Chapter 1
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				1.1

			

		

		
			
				NON-LINEAR EQUATIONS IN TWO VARIABLES AND THEIR SYSTEMS
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				You will:

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				- distinguish linear and non-linear equations in two variables;

				- solve systems of non-linear equations in two variables;

				- solve written problems using systems of equations;

				- make mathematical model according to given in an exercise.

			

		

		
			
				You are already familiar with terms like linear equations in one variable and inequality in one variable. In this chapter we will study equations in two variables and inequalities in two variables.

				The equation  has two variables x and y. The solution to the equation is an ordered pair of numbers, . This type of equation is called a linear equation in two variables. Let us recall the definition of equation in two variables.

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				Linear equations in two variables
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					Definition

				

			

		

		
			
				A first degree equation is called a linear equation in two variables if it contains two distinct variables.

			

		

		
			
				Given , find

				a. y when 	b. x when 
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				Solution:

				a. If , then
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				b. If , then
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				Given , find

				a. y when 	b. x when 
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				Solution:

				a. If , then
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				Example 1

			

		

		
			
				Example 2
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				Practice 1

				Given , find

				a. y when 	b. x when 
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				Look at some examples of linear equations in two variables:

				,  and .
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				Given , find

				a. y when 	b. x when 
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				Solution:

				a. If , then
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				b. If , then
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				Example 3
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				CHAPTER 1
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						Terminology
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				Distinguish – ажырату/ различать

				Ordered pair – реттелген жұп/ упорядоченная пара

				Variable – айнымалы/ переменная

			

		

		
			
				b. If , then
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				Practice 2

				Given , find

				a. y when 	b. x when 
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				Practice 3

				Given , find

				a. y when 	b. x when 
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				Practice 4

				Are the ordered pairs  and  solutions of ?
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				Are the ordered pairs  and  solutions of ?
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				Solution:

				To check if an ordered pair is a solution of a linear equation, we substitute the values of the coordinates into the equation and see if it is a true statement.

				This is true, so  is a solution.
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				This is false, so  is not a solution.
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				Are the ordered pairs  and  solutions of ?
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				Solution:

				Using the given equation, let’s check if the ordered pair (11, 6) is a solution:

				This is false, so  is not a solution.
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				Example 4

			

		

		
			
				Example 5
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				Find the degree of the following nonlinear equations.

				a. 	b. 
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				c. 	d. 
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				e. 

				Solution:

				Recall that the degree of the monomial is the sum of the exponents of its variables. The degree of a polynomial is the highest degree of its terms. According to this
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				Example 6
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				Look at some examples of nonlinear equations in two variables:

				, , 
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				The degree of a nonlinear equation in two variables is the same as the highest degree of the terms in the equation.

				For example,

				 is a second degree equation.

				 is a fifth degree equation.

				 is a seventh degree equation.
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				Nonlinear equations in two variables

			

		

		
			
				CHAPTER 1
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						Terminology
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				Nonlinear equation – сызықты емес теңдеу/ нелинейное уравнение

			

		

		
			
				Practice 5

				Are the ordered pairs  and  solutions of ?
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				Using the given equation, let’s check if the ordered pair (-22, 1) is a solution:

				This is true, so  is a solution.
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					Definition

				

			

		

		
			
				Equation whose graph does not form a straight line (linear) is called a nonlinear equation in two variables if it contains two distinct variables.
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				Write the equation of circles with:

				a.  and 
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				b.  and 
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				c.  and 
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				d.  and 
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				Solution:

				a. 

				b. 

				c. 

				d. 
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				Example 7
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				Practice 7

				Write the equation of circles with:

				a.  and 
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				b.  and 
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				c.  and 
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				Practice 6

				Find the degree of the following nonlinear equations.

				a. 	b. 
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				c. 	d. 
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					Equation

				

				
					Degree
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					2
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					2
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				Note

			

		

		
			
				The equation of a circle with center  and radius R is 
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				For which values of n point  lies on parabola .
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				Solution:

				Since point  satisfies the equation , we simply substitute 2 and 4 instead of x and y respectively.
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				For which values of z point  lies on parabola .
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				Solution:

				Since point  satisfies the equation , we simply substitute 0.8 and 3 instead of x and y respectively.
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				Example 8

			

		

		
			
				Example 9
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				Practice 8

				For which values of m point  lies on parabola .
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				Practice 9

				For which values of t point  lies on parabola .
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				A system of two nonlinear equations in two variables, also called a nonlinear system, contains at least one equation that cannot be expressed in the form .

				For example:

				, 
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				A solution of a nonlinear system in two variables is an ordered pair of real numbers that satisfies both equations 
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				Systems of nonlinear equations in two variables

			

		

		
			
				CHAPTER 1
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				The substitution method involves converting a nonlinear system into one equation in one variable by an appropriate substitution. In order to solve a system of equations using the substitution method, follow the steps:

				1. Solve one of the equations for one variable in terms of the other variable.

				2. Substitute the resulting expression into the other equation and solve.

				3. Find the other variable by substituting the result of step 2 into the original equation.

				4. Check the proposed solutions in both of the system’s given equations.

			

		

		
			
				Solve the system of equations

				Solution:

				Step 1: Solve one of the equations for one variable in terms of the other variable. We begin by isolating one of the variables raised to the first power in either of the equations. We will solve the first equation for y:

				Step 2: Substitute the resulting expression into the other equation and solve. We substitute  for y in the second equation and solve for x:
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				Step 3: Find the other variable by substituting the result 
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				Example 10

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				A. The Substitution Method

			

		

		
			
				in the system. The solution set of the system is the set of all such ordered pairs. As with linear systems in two variables, the solution of a nonlinear system (if there is one) corresponds to the intersection point(s) of the graphs of the equations in the system. Unlike linear systems, the graphs can be circles, parabolas, or anything other than two lines. We will solve nonlinear systems using the Substitution method and the Elimination method. 
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						Terminology
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				Elimination method – қосу тәсілі/ метод исключения

				Substitution method – алмастыру тәсілі/ метод замены
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				Practice 10

				Solve the system of equations
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				CHAPTER 1

			

		

		
			
				of step 2 into the original equation. Now we can find y by substituting  and  into .
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					If , so y1 is
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					If , so y2 is
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				So the solutions are  and .
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				Step 4: Check the proposed solutions in both of the system’s given equations. We begin by checking . Replace x with –1 and y with 7.

				
					First equation

				

				
					Second equation
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				The ordered pair  satisfies both equations. Thus, it is a solution of the system. Now let's check . Replace x with 4 and y with 2.
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					First equation

				

				
					Second equation
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				The ordered pair  also satisfies both equations and is a solution of the system.

				The solutions are  and .
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				Note

			

		

		
			
				Graphically, we can think of the solution to the system as the points of intersections between the linear function  and quadratic function . (see Figure 1.1.1)
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				Solve the system of equations

				Solution:

				Step 1: Solve one of the equations for one variable in terms of the other variable. Solve the first equation for y:

				Step 2: Substitute the resulting expression into the other equation and solve. Substitute  for y in the second equation and solve for x:
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				Step 3: Find the other variable by substituting the result of step 2 into the original equation. Now we can find y by substituting  into .
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				So the solution is .

				Step 4: Check the proposed solution in both of the system’s given equations. Let's check . Replace x with 5 and y with –8.

				
					First equation

				

				
					Second equation
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				The ordered pair  satisfies both equations. Thus, it is the solution of the system.
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				Example 11
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				Note

			

		

		
			
				In the Figure 1.1.2, shown the graphs of the equations of the system and the solution as an intersection point.
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				Practice 11

				Solve the system of equations.

				a. 	b. 
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				To solve the system of nonlinear equations we need to do the same steps as when we solve the system of linear equations in two variables.

			

		

		
			
				B. The Elimination Method

			

		

		
			
				Solve the system of equations

				Solution:

				Let’s eliminate y. First, we multiply the second equation by 5 and add obtained equation to the first equation side by side:

				Substitute  and  into the second equation:
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				If , y1 is
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				If , y2 is
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				So the solution set is two points  and .
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				Example 12
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				Practice 12

				Solve the system of equations.
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				CHAPTER 1
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				Solve the system of equations

				Solution:

				Let’s eliminate y2. First, we add obtained equation to the first equation side by side:

				Substitute  and  into the second equation:
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				If , y1 is
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				If , y2 is
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				So the solution set is four points , ,  and .

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				Solve the system of equations

				Solution:

				Let’s eliminate xy. First, we multiply the second equation by –x and add obtained equation to the first equation side by side:
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				Example 13

			

		

		
			
				Example 14
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				Practice 13

				Solve the system of equations.
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				CHAPTER 1

			

		

		
			
				Practice 14

				Solve the system of equations.
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				Substitute  and  into the second equation:
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				If , y1 is
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				If , y2 is
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				So the solution set is two points  and .
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				WORD problems using systems of equations

			

		

		
			
				After studying nonlinear equations you will be able to use the methods you have learned to solve word problems using systems of equations.

				In order to solve a word problems using the systems of nonlinear equations, follow the steps:

				1. Make mathematical model

				2. Work with mathematical model and answer to question task

			

		

		
			[image: ]
		

		
			
				Activity

			

		

		
			
				Irina wants her parents to buy her a cell phone for 70000 tenge after two quarters, during which there are 12 school subjects per quarter. Her parents have set a condition that if she earns a rating of "5" for a subject in a quarter, they will give her 5000 tenge for that subject. Additionally, if she earns a rating of "5" in more than ten subjects, they will provide a bonus of 10000 tenge. How many school subjects does Irina need to earn a "5" rating in, in order to earn enough money to buy the cell phone?
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						Terminology
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				Word Problems - мәтін есептер/ текстовые задачи
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				A number has two digits whose sum is 13 and sum of the squares this digits are 97. Find the number.

				Solution:

				Step 1: Make mathematical model.  is unknown number and x, y are digits of this number. We can create a mathematical model of problem using the system of nonlinear equations.
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				Step 2: Work with mathematical model and answer to question task. Solve the first equation for y:

				Substitute  for y in the second equation and solve for x:
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				Substitute  and  into the first equation:
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				If , y1 is
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				If , y2 is
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				So the possible numbers are 49 or 94.
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				Example 15
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				CHAPTER 1

			

		

		
			
				Practice 15

				A number has two digits whose sum is 8 and sum of the squares this digits is 40. Find the number.

			

		

		
			
				Difference between length of legs of right triangle is 7. And hypotenuse is equal to 13. Find the length of legs of right triangle.

				Solution:

				Let's take a and b as the length of the legs of a right triangle. 

				Step 1: Make mathematical model. We can create a mathematical model of problem using the system of nonlinear equations.

				Step 2: Work with mathematical model and answer to question task. Solve the first equation for a:

				Substitute  for a in the second equation and solve for b:
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				As we know, the length of the triangle can not be a negative number, so we substitute just  into the first equation:

				If , a is
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				So the solution set is .
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				Example 16
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				Practice 16

				1. The difference in length between the legs of a right triangle is 4, and the hypotenuse is 20. Find the lengths of the legs of the right triangle.
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				Note

			

		

		
			
				Pythagorean Theorem

				where,

				a, b are legs of a right triangle

				c is hypotenuse of a right triangle
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				The denominator of a fraction is 17 less than square of the numerator. If 3 is add to both the numerator and denominator, then the value of the fraction will be greater . If you subtract 5 from both numerator and denominator, then the value of the fraction will be equal .
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				Solution:

				Step 1: Make mathematical model. x – numerator of a fraction; y – denominator of a fraction. According to the given:

				Step 2: Work with mathematical model and answer to question task. Substitute  for y in the second equation and solve for x:
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				And we substitute  and  into the first equation:
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				If , y1 is
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				If , y2 is
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				Additionally known . Hence, solution  for 
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				Example 17
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				2. The hypotenuse of a right triangle is 37 cm, and the area of a right triangle is 210 cm2. Find the lengths of the legs of the right triangle.
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				CHAPTER 1

			

		

		
			
				Practice 17

				The denominator of a fraction is 3 greater than square of the numerator. If to both the numerator and denominator add 3, then the value of the fraction will be less . If from both the numerator and denominator subtract 2, then the value of the fraction will be equal . Find this fraction.
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				does not satisfy this inequality. Desired fraction is .
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				PROBLEMS 1.1
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				A

				1. What is a system of nonlinear equations? Provide an example with your description.

				2. Given , find 

				a. y when 	b. x when  
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				3. Given , find 

				a. y when 	b. x when  
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				4. Given , find 

				a. y when 	b. x when 
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				5. Given , find 

				a. y when 	b. x when  
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				6. Find the degree of the following non-linear equations.

				a. 	b. 
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				c. 	d. 
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				e. 

				7. Write the equations of circles with centers O and radius given below.

				a. 	b. 
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				c. 	d. 
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				8. For which values of n point  is lies on parabola .
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				9. For which values of m does the point  lie on the parabola .
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				10. For which values of z does the point  lie on the parabola .
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				11. For which values of t does the point  lie on the parabola .
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				12. Solve the system of equations by the elimination method.

				a. 	b. 
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				c. 

				13. Solve the system of equations by the substitution method.

				a. 	b. 
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				c. 	d. 
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				14. The sum of two numbers is 10 and their product is 24. Find the numbers.

				15. The sum of two numbers is 20 and their product is 96. Find the numbers.

				16. The difference between the squares of two numbers is 3. Twice the square of the first number increased by the square of the second number is 9. Find the numbers.
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				17. The difference between the squares of two numbers is 5. Twice the square of the second number subtracted from three times the square of the first number is 19. Find the numbers.

				B

				18. Given , find 

				a. y when 	b. x when  
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				19. Given , find 

				a. y when 	b. x when 
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				20. Solve the system of equations by the elimination method.

				a.  b. 

				
					[image: ]
				

				21. Solve the system of equations by the substitution method.

				a.  b. 
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				22. Find the length and width of a rectangle whose perimeter is 36 cm and whose area is 77 cm2.

				23. A small television has a picture with a diagonal measure of 10 cm and a viewing area of 48 cm2. Find the length and width of the screen.
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				C

				24. Solve the system of equations by the elimination method.

				25. Solve the system of equations by the substitution method.

				26. The point of intersection of the graphs of  and  are joined to form a rectangle. Find the area of the rectangle.
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				27. Determine whether each statement is true or false. If the statement is false, make the necessary change(s) to produce a true statement.

				a. A system of two equations in two variables whose graphs are a circle and a line can have four real ordered-pair solutions.

				b. A system of two equations in two variables whose graphs are a parabola and a circle can have four real ordered-pair solutions.

				c. A system of two equations in two variables whose graphs are two circles must have at least two real ordered-pair solutions.

				d. A system of two equations in two variables whose graphs are a parabola and a circle cannot have only one real ordered pair solution.
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				1.2

			

		

		
			
				INEQUALITIES IN TWO VARIABLES. SYSTEMS OF NON-LINEAR INEQUALITIES IN TWO VARIABLES

			

		

		
			
					

			

		

		
			
				You will:
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				-	solve inequalities in two variables;

				-	solve systems of non-linear inequalities in two variables.

			

		

		
			
				Linear inequalities in two variables

			

		

		
			
				Graph the inequality .

				Solution: 

				Step 1: 
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				Example 1

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				[image: ]
			

			
				
					Definition

				

			

		

		
			
				An inequality in one of the forms
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				for the real numbers a and b, , is called a linear inequality in two variables.
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				Note

			

		

		
			
				 Remember!

				A dashed boundary line means that points on the line are not solutions. 

				A solid boundary line means that points on the line are solutions.
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				A line divides the plane into three regions: the line itself and two half-planes on either side of the line. The graphs of linear inequalities in two variables are therefore regions in the real number plane and may include a boundary line. The boundary line for the inequality is the graph of equation .

				To sketch the graph of a linear inequality in two variables, follow the steps:

				1. To sketch the graph of a linear equation . This line becomes the boundary line for the graph. Draw the boundary line using a dashed line if the inequality symbol is  or , or a solid line if the inequality symbol is  or .
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				2. Choose a test point which is not in the boundary line and substitute it into the inequality.

				3. Shade the region which includes the test point if the resulting inequality is true, and shades the region which does not contain the test point if the resulting inequality is false (see Figure 1.2.1).
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				Practice 1

				Graph the inequality . 
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				CHAPTER 1
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						Terminology
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				Dashed line – үзік сызық/ пунктирная линия

				Solid line – тұтас сызық/ сплошная линия
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				Activity

			

		

		
			
				Complete the table below to investigate some solutions to this inequality.
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				 is the boundary line and we draw the line dashed since the inequality symbol is . The x and y intercepts are  and .
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				Step 2: Test the point  in:
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				Step 3: So we shade the region which does not contain the test point (see Figure 1.2.2).
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				Graph the inequality .

				Solution: 

				Step 1: 

				 is the boundary line and we draw the line solid since the inequality symbol is . The x and y intercepts are  and .
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				Example 2
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				Step 2: Test the point  in:
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				Step 3: So we shade the region which contains the test point (see Figure 1.2.3).
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				Practice 2

				Graph the inequality . 
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				Quadratic inequalities in two variables
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					Definition

				

			

		

		
			
				An inequality in one of the forms
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				for the real numbers a, b and c, where , is called a quadratic inequality in two variables.
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				A parabola divides a plane into three regions:

				1. The parabola itself (see Figure 1.2.4(a)).

				2. The interior region of the parabola (see Figure 1.2.4(b)).

				3. The exterior region of the parabola (see Figure 1.2.4(c)).

				To graph a quadratic inequality in two variables, follow the steps:
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				Note

			

		

		
			
				 Remember!

				It is often convenient to use (0, 0) as a test point. However, if (0, 0) lies on the boundary line, we must choose a different test point. 
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				Sketch the graph of inequality .

				Solution: 

				Step 1: Draw the graph of the function 

				a. , so the parabola opens upward. 

				b. Find the vertex of the parabola . 
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				 is the vertex point.

				c. Find the x-intercepts and y-intercepts.

				
					x-intercepts

				

				
					y-intercepts

				

				
					Therefore,  and  are x-intercepts.
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					Therefore,  is y-intercept.
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				CHAPTER 1
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						Terminology
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				Exterior region– сыртқы аймақ/ внешняя область

				Interior region – ішкі аймақ/ внутренняя область

				Vertex– төбесі/ вершина

			

		

		
			
				1. Graph the parabola . The parabola is the boundary of the graph. Draw the parabola as a dashed line if the inequality symbol is  or  and as a solid line if the inequality symbol is  or .
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				2. Choose a test point which is not on the boundary line and substitute it into the inequality.

				3. Shade the region which includes the test point of the resulting inequality if true and shade the region which does not contain the test point of the resulting inequality if false.
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				d. Draw the graph.

				Remember that the parabola will be solid since the inequality symbol is  (see Figure 1.2.5(a)).

				Step 2: Test point  in
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				Step 3: So we shade the exterior region which does not contain the test point (see Figure 1.2.5(b)).
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				Practice 3

				Graph the inequality .
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				Sketch the graph of inequality .

				Solution:

				Step 1: Graph of the function 

				a. , so the parabola opens downward. 

				b. Find the vertex of the parabola . 
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				 is the vertex point.
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				Example 4

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				
					
						[image: ]
					

				

			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				
					
						[image: ]
					

				

			

			
				[image: ]
			

			
				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

			
				[image: ]
			

			
				
					
						[image: ]
					

				

			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				
					
						[image: ]
					

				

			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				
					
						[image: ]
					

				

			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				
					
						[image: ]
					

				

			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			[image: ]
		

		
			
				Research time
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				You can graph the inequality on a graphing calculator (GeoGebra) and find regions which include solutions of the inequality. Learn more about GeoGebra and try to draw the graph of the inequality from Practice 3.
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				CHAPTER 1

			

		

		
			
				Practice 4

				Graph the inequality .
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				c. Find the x-intercepts and y-intercepts.

				
					x-intercepts

				

				
					y-intercepts

				

				
					Therefore,  and  are x-intercepts.
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					Therefore,  is y-intercept.
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				d. Draw the graph.

				The parabola will be dashed since the inequality symbol is  (see Figure 1.2.6(a)).

				Step 2: Test point  in
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				Step 3: So we shade the exterior region which contains the test point (see Figure 1.2.6(b)).
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				Systems of nonlinear inequalities in two variables

			

		

		
			
				A system of nonlinear inequalities in two variables is made up of two or more inequalities. A solution of the system is an ordered pair that satisfies all of the inequalities. The solution set is the set of all ordered pairs that satisfy 
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				Practice 5

				Sketch the graph of the inequality system
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				Sketch the graph of the inequality system.

				Solution: 

				
					The x-intercept is .

					The y-intercept is . 

					The line is dashed.

					Test point  in
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					The x-intercepts are  and .
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					The y-intercepts is .

					The line is solid.

					Test point  in
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				Shade the regions which doesn’t include the test points (see Figure 1.2.7):

				The overlapping region is the solution of the system.
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				Example 5
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				all of the inequalities. To solve a system of inequalities, we first solve the inequalities individually. The solution to the system is the region where all of the inequalities overlap on a graph.
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				Activity

			

		

		
			
				We can graph the system of inequalities (example 5) by GeoGebra and determine the intersection regions which show the solution of the system. 

				So, let’s scan the QR code and then try to draw the graphs of each inequalities from Practice 5 to find intersection regions.
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				Practice 6

				Sketch the graph of the inequality systems.

				a. b. 
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				Sketch the graph of the inequality system.

				Solution: 

				
					 is true if x and y are both positive or both negative. So we can shade the third and the fourth quadrants as solutions. The x-axis and y-axis will be dashed since the inequality symbol is .
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					The x-intercepts are  and .
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					The y-intercepts is .

					, therefore the parabola opens upward.

					 is the vertex point.

					The parabola is dashed.

					Test point  in
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				Shade the regions which doesn’t include the test points: (see Figure 1.2.8):

				The overlapping region is the solution of the system.
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				Example 6
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				CHAPTER 1
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						Terminology
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				Overlap - қабаттасу/ перекрывать
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				PROBLEMS 1.2
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				1. Is the ordered pair a solution to the given inequality?

				a. 

				b. 

				c. 

				d. 

				e. 

				f. 

				2. Which of the ordered pairs , , , , and  solve the inequality ?
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				3. Write an inequality that describes all points in the upper half-plane above the x-axis.

				4. Write an inequality that describes all points in the lower half-plane below the x-axis.

				5. Write an inequality that describes all points in the half-plane left of the y-axis.
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				6. Write an inequality that describes all points in the half-plane right of the y-axis.

				7. Write an inequality that describes all ordered pairs whose y-coordinates are at least 22.

				8. Write an inequality that describes all ordered pairs whose x-coordinate is at most 55.

				9. Graph the following inequalities.

				a. 	b. 
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				10. Is the ordered pair a solution to the given inequality?

				a. 

				b. 

				c. 

				d. 

				11. Sketch the graph of the following inequalities.

				a. 

				b. 

				c. 
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				d. 

				12. Sketch the graph of the following inequality systems.

				a. 

				b. 

				c. 

				d. 

				13. Construct a system of linear inequalities that describes all points in the first quadrant.

				14. Construct a system of linear inequalities that describes all points in the second quadrant.

				15. Construct a system of linear inequalities that describes all points in the third quadrant.

				16. Construct a system of linear inequalities that describes all points in the fourth quadrant.
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				S U M M A R Y
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				linear equation in two variables

				A first degree equation is called a linear equation in two variables if it contains two distinct variables. Look at some examples of linear equations in two variables:

				,  and .
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				nonlinear equation in two variables

				Equation whose graph does not form a straight line (linear) is called a non-linear equation in two variables if it contains two distinct variables.

				For example,

				 is a second degree equation.

				 is a fifth degree equation.

				 is a seventh degree equation.

				system of non-linear equations in two variables

				if in the system of equations in two variables at least one equation is non-linear, then system is called the system of non-linear equations in two variables.

				linear inequality in two variables

				An inequality in one of the forms
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				for the real numbers a () and b is called a linear inequality in two variables.
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				quadratic inequality in two variables

				An inequality in one of the forms
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				for the real numbers a (), b and c is called a quadratic inequality in two variables.
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				Elements of

				Combinatorics

			

		

		
			
				2.1 Basic Concepts and Combinatorial Rules

				2.2 Solving Problems Involving Combinatorial Formulas

				2.3 Newton’s Binomial and Its Properties
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				Chapter 2
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				2.1

			

		

		
			
				BASIC CONCEPTS AND COMBINATORIAL RULES 
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				You will:
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				-	know combinatorial rules (sum and product rules); 

				-	know the definition of a factorial of a number; 

				-	know the definition of permutation, combination with and without repetition; 

				-	know combinatorial formulas for calculating permutation, combination with and without repetition.

			

		

		
			
				How many balls do you see in the Figure 2.1.1? Have you already counted them?

				At least we can count them in 2 ways

				1st one is to count from 1 to 12.

				2nd one is to count rows and columns and multiply them.

				As you see we have different ways of counting. In this section, we will look at different ways of counting.

			

		

		
			
				A. The Sum Rule

			

		

		
			
				In Kazakh restaurant Leo has 4 choices: beshbarmaq, quyrdaq, meat soup and manty. In Uzbek restaurant he has 3 choices: palau, dymliama and lagman. In how many ways can Leo choose a meal?

				Solution:

				In this example, Leo had to choose 7 different meals. We can list the meals that Leo can choose as . Each element

				in this set is a possible outcome of Leo’s choice.
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				Example 1
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				Alpamys wants to go to the cinema to watch a movie. There are two different halls at the cinema. Two movies are showed in the first hall and three different movies are shown in the second hall. In how many ways can Alpamys choose a movie to watch?

				Since Alpamys cannot be in two different halls at the same time, there are  different ways for Alpamys to choose the movie.
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				Fact

			

		

		
			
				Hieroglyphic Numbers

				The Egyptians had a decimal system using seven different symbols.

				• 1 is shown by a single stroke.

				• 10 is shown by a drawing of a hobble for cattle.

				• 100 is represented by a coil of rope.

				• 1,000 a drawing of a lotus plant.

				• 10,000 is represented by a finger.

				• 100,000 a tadpole or frog

				• 1,000,000 figure of a man with arms raised above his head.
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					Definition

				

			

		

		
			
				Let A and B be two actions that cannot be performed at the same time. If action A can be performed in m ways and action B can be performed in n ways, then the action A or B can be performed in m + n ways.
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				Figure 2.1.1
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				B. The Product Rule

			

		

		
			
				CHAPTER 2
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				Practice 2

				There are three different routes from Pavlodar to Semei and four different routes from Semei to Oskemen. Rauan wants to travel from Pavlodar to Oskemen through Semei. In how many ways can he do this?
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						Terminology
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				Count – санау/ подсчитывать

				Navy - қара-көк/ темно-синий

				Selection – таңдау/ выбор

				The product rule – көбейту ережесі/ правило произведения

				The sum rule – қосу ережесі/ правило сложения

			

		

		
			
				Dinara has one navy and one black skirt. She also has three different shirts which are white, red and green. In how many ways can Dinara choose to wear her skirts with her shirts?

				Solution:

				
					Skirts

				

				
					Shirts

				

				
					2

				

				
					3

				

				By applying the rule of product  we can conclude that Dinara has 6 different options to wear.

				Let’s show the tree diagram for this problem.
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				As you see Dinara has 6 possible outcomes.
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				Example 2
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				We can apply this rule when we are making more than one selection. Suppose we are choosing a starter, a main dish, and a dessert. If there are 2 starter options, 3 main dish options, and 2 dessert options on a fixed-price dinner menu, there are a total of  possible choices.
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					Definition

				

			

		

		
			
				It is the idea that if there are m ways of doing something and n ways of doing another thing, then there are  ways of performing both actions.
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				Practice 1

				1. Furkan wants to go to Aktau. He can go by 2 different trains, 3 different cars and by a plane. In how many ways can Furkan go to Aktau?

				2. Aizhan wants to visit Azerbaijan. If she wants to go through Aktau she has 3 options: by bus, plane and ship. If she wants to go through Atyrau she has 4 options: by car, train, plane and bus. In how many ways can she choose how to get to Azerbaijan?
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				Research time
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				MDCCLXXVI – this is the date written on the book held by the Statue of Liberty in Roman Numerals. Write this date in Arabic numerals. Write the independence year of Kazakhstan in Roman numerals.
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				Practice 3

				How many different two-digit numbers can be formed using the digits in the set ?
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				Evaluate the expressions.

				a. 8!	b. 	c.  d. 
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				Solution:

				a. 

				b. 

				c. 
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				Example 4
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				Factorial of a number

			

		

		
			
				While solving permutation problems, we often need to express the product of all consecutive counting numbers from 1 to a number n. Factorial of a number provides an easy way to denote this product.

			

		

		
			
				For example,

				 and  as a special case we accept that .
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				How many different two-digit numbers can be formed using the digits in the set ?

				Solution:

				This task has two parts: choosing the tens digit and choosing the units digit. Since there are no restrictions we can start by choosing either the tens digit or the units digit, and each digit can take five different values.

				
					Ten

				

				
					Units

				

				
					5 choices

				

				
					5 choices

				

				By the multiplication principle, we can form  different numbers.
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				Example 3
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					Definition

				

			

		

		
			
				For any counting number n, the product of all positive integers less than or equal to n is called n factorial and denoted by n!:
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				History
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				In 1729, at the age of 22, Swiss mathematician Leonhard Euler found a formula for a function that generalizes the factorial function. He called it the gamma function. The curious thing is that one can input fractional and irrational values into his gamma function and obtain meaningful answers. Euler discovered, for instance, that  equals .
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				Practice 4

				Simplify or evaluate expressions.

				a. 9!	b. 	c.  d. 
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				Practice 5

				Simplify or evaluate expressions.

				a. 	b. 
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				We can define a permutation as an ordered arrangement of some or all of the elements in a given set. The way a set of books is arranged on a shelf, the staying positions of a group of people at a queue or the way the players in a football team line up for a team photo are some examples of permutations since in each case, the order of the elements is important.

			

		

		
			
				Permutation

			

		

		
			
				CHAPTER 2
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						Terminology
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				Consecutive – тізбектес/ последовательный

				Factorial - факториал

				Permutation – алмастыру/ перестановки

			

		

		
			
				d. 
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				Simplify the expressions.

				a. 	b. 
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				Solution:

				a. 

				b. 
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				Example 5
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				Fact
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				There are about 60! atoms in the observable Universe. 60! is about  and the current estimates are between  to  atoms in the observable Universe.
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				Research time
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				In combinatorics  is accepted as a fact. All mathematicians accept this statement. But why? Do the research on this.
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					Definition

				

			

		

		
			
				An ordered arrangement of some or all of the elements of a given set is called a permutation. The number of permutations of all of the n distinct elements in a set is denoted by , where 
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				How many different eight-letter permutations are there of the letters in the word HUMANITY?

				Solution:

				Notice that there are eight letters and each letter is distinct. So by the formula
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				Example 7
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				Practice 7

				Elnur is going to establish a company whose name will be the combination of the first letters of the words respect, unity and integrity. How many company names are possible?

			

		

		
			
				Many permutation problems ask us to consider arrangements of r things chosen from n things. 

				For example: 

				You want to buy some artworks and arrange them on the wall of your gallery (Figure 2.1.2). We can solve this kind of problems with the formula of permutation.
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				Fact
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				The IANA (Internet assigned numbers authority) are responsible for assigning the IP addresses for all the technology in the world that interacts with the internet. They use permutations to pick an address that is functional, open, and meets the requirements for a specific type of device.
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				What is the number of permutations of 4 different math books piled on a table?

				Solution:

				By the rule above, the answer is  permutations recall the counting technique of multiplication principle:

				
					First book

				

				
					Second book

				

				
					Third book

				

				
					Fourth book

				

				
					4

				

				
					3

				

				
					2

				

				
					1

				

				Again we find that there are  ways to pile the books.
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				Example 6
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				Practice 6

				In how many different ways can 5 students be seated at a desk?
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				Activity

			

		

		
			
				As we know, the flag of Russian Federation is stripes with white, blue and red colors. But if we change the position of stripes we can get the flag of Netherlands. Find out with your mates is there another examples of such kind of flags.
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				Practice 9

				There are 7 different pieces of fruit on a tray. We will choose 3 of them and arrange them in a row on a plate. How many different arrangements are possible?

			

		

		
			
				Evaluate the expressions.

				a. 	b. 
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				Solution:

				a. Using the formula given above .
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				b. Using the formula given above .
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				Example 8
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				Practice 8

				Evaluate the expressions.

				a. 	b. 

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				How many three-digit numbers can be formed from the digits in the number 24589 if a digit cannot be used more than once?

				Solution:

				We are choosing three digits from five digits. So there are

				different three-digit numbers. Notice that we can solve this question using the multiplication principle:

				
					Hundreds 

				

				
					Tens 

				

				
					Units 

				

				
					5 choices

				

				
					4 choices

				

				
					3 choices

				

				Therefore, .
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				Example 9
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				CHAPTER 2
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						Terminology
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				Arrangement – орналастыру/ расположение

				Ordered – реттелген/ упорядоченный

			

		

		
			
				Rule

				The number of permutations of r elements selected from a set of n elements is

				
					[image: ]
				

			

		

		
			[image: ]
		

		
			
				Note

			

		

		
			
				We can also use  to mean .
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				Note

			

		

		
			
				Any question which can be solved using permutation formula can also be solved using the multiplication principle.
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				Research time

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				Consider a standard 3x3 Rubik’s cube. There are 6 center pieces that are fixed. There are 8 corner pieces and 12 edge pieces. Suppose that corner pieces can be interchanged with each other and the edge pieces interchanged with each other. Find the number of different patterns that can be produced assuming all permutations of corners and edges are possible.
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				When the order of the elements chosen from a set is important, we use permutation. However, order is not always important when we are choosing elements. For example, we may want to choose a certain number of students from a group to form a parliament of the school. The order of the chosen members is not important since the result is a group of students, not an ordered set.

			

		

		
			
				Consider the set . Let us compare the two-element combinations with the two-element permutations of the set Q in a table:
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					Combinations

					with 2 elements

				

				
					Permutations with 2 elements
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					12, 21
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					13, 31
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					23, 32

				

				We can see that the number of permutations with two elements is twice the number of the combinations with two elements:

				If we consider the three-element combinations and permutations of the set , what will we get? Construct the table.

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				Rule

				The number of r-element combinations of a set of n elements is
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				Combination
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					Definition

				

			

		

		
			
				An unordered selection of elements is called a combination. We write it as 

				A subset of r elements chosen from a set of n elements is called an r-element combination of that set.
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				Note

			

		

		
			
				can be written as . 
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				 can be read as ‘n, choose r’
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						Terminology
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				Combination – теру/ сочетание

				Unordered – реттелмеген/ неупорядоченный

			

		

		
			
				CHAPTER 2

			

		

		
			
				Practice 10

				Evaluate the expressions.

				a. 	b. 
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				Practice 11

				Find the number of groups of 5 students which can be chosen from a class of 25 students.

			

		

		
			
				Evaluate the expressions.

				a. 	b. 
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				Solution:	

				a. Using the formula given above .
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				There are 10 players in a list. A debate coach will choose 6 players from the list for a school team. In how many ways can the coach form the team?

				Solution:	

				The coach can choose 6 players in 210 ways.
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				Example 10

			

		

		
			
				Example 11
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				Note

			

		

		
			
				The “combination,” or sequence of three numbers, on your combination lock is not a combination! Order matters!
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				PROBLEMS 2.1
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				A

				1. Fill in the blanks:

				a. An ordered arrangement of some or all of the elements of a given set is called a __________ 

				b. __________ it is the idea that if there are m ways of doing something and n ways of doing another thing, then there are ways of performing both actions.

				c. For any counting number n, the product of all positive integers less than or equal to n is called n __________ .

				d. An unordered selection of elements is called a __________ .

				e. Let A and B be two actions that cannot be performed at the same time. If action A can be performed in m ways and action B can be performed in n ways, then the action A or B can be performed in ways and it is called __________ .

				2. There are 4 types of coffee and 3 types of tea in canteen. Raimkhan wants to buy one, how many choices are there?

				3. Ablaykhan has 5 t-shirts, 3 trousers and 2 pairs of shoes. His bag is full, that is why he can pick only one thing with himself, how many choices does he has?

				4. There are 4 types of coffee and 3 types of burgers in canteen. Dimash wants to have a lunch, how many choices for lunch are there?

				5. Mereke has 5 t-shirts, 3 trousers and 2 pair of shoes. He is preparing to go out. How many styles does he has?

				B

				6. Kerimzhan travels from city A to city D, through city B and C. There are 7 buses that go from A to B, only 2 trains from B to C and 6 taxis from C to D. How many different routes are there?

			

		

		
			
				7. There are 6 roads leading to a town from a village. 

				a. What is the number of ways in which a villager can go to the town and return back?

				b. What is the number of different ways in which a villager can go to the town and return back?

				8. Evaluate the expressions. 

				a. 	b. 
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				c. 	d. 
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				9. Evaluate the expressions. 

				a. 	b. 
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				c. 	d. 
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				10. Evaluate the expressions.

				a. 	 b. 
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				c. 	d. 
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				11. Five textbooks must be arranged on the bookshelf, in how many ways they can be arranged? 

				12. There are five textbook. In how many ways can three textbooks be arranged on the bookshelf? 

				13. How many 4-letter words with or without meaning, can be formed out of the letters of the word, 'LOGARITHMS', if repetition of letters is not allowed?

				14. There are nine textbooks. In how many ways can six textbooks be arranged on the bookshelf? 
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				15. How many 6-digit phone numbers can be created?

				16. In how many ways can three boys can be seated on five chairs?

				17. How many 6-digit phone numbers can be created, if first digit can be 2,3 or 5, and second 1,2,3 or 0?

				18. In how many ways can we award a 1st, 2nd and 3rd place prize among eight contestants? (Gold / Silver / Bronze)

				19. You are going to play a football match against your rival school team. In how many ways can you pick a team of 11 children out of 20?

				20. How many 7-digit phone numbers can be created if the first digit cannot be 0 or 1, the second must be a 5, and the third must be a 3 or 4? 

				21. Simplify the expressions. 

				a. 	b. 
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				c. 	

				22. How many ID cards can be made, if it is consist of 3 digits and 1 letter (777Z or 123A)?

				23. Improve solving skills, solve the following:

				a. 		b. 
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				c. 	d. 
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				24. In a group of 10 people, each person shakes hands with everyone else once. How many handshakes are there?
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				C

				25. Kerimkhan travels from city A to city D, through city B and C. There are 7 buses that go from A to B, only 2 planes from B to C and 6 taxies from C to D. There are also 3 planes from city A to D directly. How many different routes are there?

				26. How many 6-digit phone numbers can be created, if first digit can be 2,3 or 5, second 1,2,3 or 0 and numbers can not be repeated?

				27. How many 7-digit phone numbers can be created if the first digit cannot be 0 or 1, the second must be a 5, and the third must be a 3 or 4, numbers can not be repeated?

				28. Aziz has a case with a code, a 4 digit code consist of numbers from 0-9 each. Unfortunately, he forgot the code, how many different combinations are there, if he only remembers that:

				a. code is divisible by 5

				b. code is divisible by 2

				c. code is divisible by 5 and numbers are not repeated 

				d. code is smaller than 5000, divisible by 5 and numbers are not repeated

				e. code is smaller than 6000, divisible by 5 and numbers are not repeated

				f. code is smaller than 3050, divisible by 2 and numbers are not repeated

				29. How many license plates of six symbols, 3 digits and 3 letters (001XXX) can be made?

				30. Calculate how many different car license plates are there in your country

				i. Is it enough license plates for your city?

				ii. Is it enough license plates for your country?

				iii. What else would you add to the license plate above, to make enough combination, for a country with 500 billion population?
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				2.2

			

		

		
			
				Solving Problems Involving Combinatorial Formulas

			

		

		
			
					

			

		

		
			
				You will:
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				-	solve problems using combinatorial formulas for calculating permutation, combination with and without repetition.

			

		

		
			
				Solving Problems Involving Combinatorial Formulas

			

		

		
			
				To solve problems involving combinatorial formulas, follow these steps:

				1. Determine whether the problem relates to permutations or combinations.

				2. Determine n and r.

				3. Apply the formula.

			

		

		
			
				Practice 1

				How many three digit numbers can be formed from the digits 1, 2, 3, 4, 5, 6 and 7 when none of the digits are repeated?

			

		

		
			
				A computer scientist is trying to discover the password for a financial account. If the password consists only of 10 letters from the English alphabet, and no letter can be repeated, how many different unique arrangements of letters exist? (No caps allowed)

				Solution: 

				Step 1: Determine whether the problem relates to permutations or combinations. Since changing the order of the potential passwords would create a new possibility, this is a permutations problem.

				Step 2: Determine n and r.  since the computer scientist is choosing from 26 possibilities (e.g., a, b, c … y, z).  since the computer scientist is choosing 10 letters.
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				Step 3: Apply the formula.

				There are 19 275 223 968 000 possible passwords exist.
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				Example 1
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				Practice 2

				1. In how many ways can a club select a president, a vice president, and a secretary from a group of 8 people?

				2. At a meeting, there are 50 people. Everybody shakes everybody’s hand once. How often are hands shaken in total?

			

		

		
			
				How many different groups of 11 students can a teacher select from a classroom of 15 students?

				Solution: 

				Step 1: Determine whether the problem relates to permutations or combinations. Since changing the order of the selected students would not create a new group, this is a combinations problem.

				Step 2: Determine n and r. n = 15 since the teacher is choosing from 15 students. r = 11 since the teacher is selecting 11 students.

				Step 3: Apply the formula.

				There are 1365 different groups.
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				Example 2
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				Zaure has 5 different math books, 3 different history books and 4 different physics books. In how many different ways can Zaure put her books on a book shelf?

				Solution: 

				Step 1: Determine whether the problem relates to permutations or combinations. Since changing the order of the books would create a new possibility, this is a permutations problem.

				Step 2: Determine n and r. n = 12. There is no restriction on the order of the books on the shelf so we do not need to consider the subjects. So there are twelve books (r = 12).
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				Example 3
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				CHAPTER 2
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				Practice 3

				Find the number of words, with or without meaning, that can be formed with the letters of the word ‘UNITY’.

			

		

		
			
				Practice 4

				1. Sapar has 6 different chemistry books, 7 different biology books, and 8 different English books. He wants to put 3 chemistry books, 4 biology books, and 5 English books on the shelves so that each shelf is for one subject only. How many different ways can Sapar arrange his books?

				2. In a futsal team, there are 5 attacking and 6 defensive players. In a pre-match team photo, three attacking players will sit in the front and two defensive players will sit at the back. How many arrangements are possible?

			

		

		
			
				Zhumadulla has 5 different math books, 3 different history books and 4 different physics books. In how many different ways can Zhumadulla arrange his books on a bookshelf in three different file holders, if each holder is for different subject?

				Solution: 

				Since the order is important, this is a permutations problem. And we need to consider the subjects separately.
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				Example 4
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				In order to form a volunteer team, a teacher wants to select 3 boys and 4 girls from among 4 boys and 6 girls. In how many different ways can the teacher form the team?

				Solution: 

				Step 1: Determine whether the problem relate to 
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				Example 5
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				Step 3: Apply the formula.

				There are 12! different ways.
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				Practice 6

				A computer is generating palindromic sequences of letters using the 26 letters of the English alphabet. Each palindrome must be at least 7 letters long and at most 9 letters long with no repeated letters. How many different palindromes can be formed?

			

		

		
			
				Practice 5

				1. Classes 11A and 11B have 16 and 18 students respectively. A volleyball team of 6 players will be formed by choosing 3 students from each class. How many different teams can be formed?

				2. In a queue of five students at the canteen, two students are from group A and the rest from group B. If there are eight and ten students from groups A and B respectively, find the total number of possible ways to form the queue.
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				CHAPTER 2
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						Terminology
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				Palindrome - 

				палиндром

			

		

		
			
				Discussion
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				How many different combinations can be formed with letters of the word HEALTH?

				How many different combinations can be formed with letters of the word WEALTH?

				Are the number of words formed equal?
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				permutations or combinations. Since changing the order of the team members do not produce a new arrangement, this is a combinations problem.

				Step 2: Determine n and r. For boys:  and . For girls  and .
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				Step 3: Apply the formula.
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				Note

			

		

		
			
				Remember that!

				Suppose you are making two different selections, 5 from a group of 10 and 6 from another group of 9. The total number of ways is the product of  and .
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				How many different combinations of at least 3 letters can be formed from the letters in the word MATHS?

				Solution: 

				This is a permutation problem. Because the order of the letters gives a new possibility. ‘at least 3’ means the combination can have 3 letters, 4 letters and 5 letters. So we need to consider three mutually exclusive cases: combinations of 3 letters, 4 letters and 5 letters. Then we add the number of permutations in each case:

				So there are 300 possible combinations.
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				Example 6
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				A football team is made up of 10 players plus a goalkeeper. Five more players are reserves. Ancelotti ‘The coach’ wants to substitute 2 team players (not including the goalkeeper) with 2 reserves and then choose 3 forwards from the resulting team. If each player can play any position, in how many ways can the coach choose 3 forward players?

				Solution: 

				Ancelotti can choose the players to substitute in  different ways. He can choose the reserve players in  different ways. Finally, he can select the forwards in 
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				Example 8

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				Practice 7

				1. How many are there of the four digits numbers that are formed from digits 1, 2, 3, 4, 5 and do not begin with 2.

				2. A four letter keyword will be set up of the letters in the set . How many of the possible keywords contain repeated letters?
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				A three-digit number is formed by choosing elements from the set  without repetition.

				a. How many numbers do not contain the digit 6?

				b. How many numbers contain the digit 6?

				c. How many numbers contain 1 or 8 or both 1 and 8?

				Solution: 

				a. The problem is the same as finding the number of three-digit permutations of the set .

				 

				b. The total number of three-digit permutations of the set . From part a, 120 of these permutations do not contain the digit 6. So there are  three-digit numbers which contain the digit 6.
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				c. We begin by calculating number of three-digit permutations in which 1 and 8 are not used:  permutations. So there are  three-digit numbers which contain 1 or 8 or both 1 and 8.
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				Example 7
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				Note

			

		

		
			
				Remember that!

				Suppose r items are selected out of n. If repetition is allowed, then the number of ways is nr. If repetition is not allowed, the number of the ways is . Do not confuse these.
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				Practice 8

				In how many different ways can Aset ata distribute 9 different toys among his 3 grandchildren so that each child gets 3 toys?
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				Practice 9

				1. A box holds 8 black and 4 white cards. How many different groups of 7 cards can be selected from the box if the selection must contain at least 4 black cards?

				2. A café offers chocolate, vanilla, strawberry and pistachio flavours of ice cream. A customer can choose one, two or three scoops but the flavours must all be different. How many different combinations can a customer order?
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				CHAPTER 2
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						Terminology
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				Flavours - 

				хош иістендіргіштер/ 

				ароматизаторы

			

		

		
			
				 different ways. So the forwards can be chosen in  different ways.
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				There are 13 bulbs in a box. Five of them are defective. We will select a set of 4 bulbs from the box. In how many ways can we do this if

				a. none of the bulbs must be defective?

				b. we want at least half of the set to be defective?

				Solution: 

				a. There are eight working bulbs, so we must select four bulbs from eight bulbs:

				possible sets.

				b. There are four bulbs in the set. If the set contains at least two defective bulbs, there must be 2 or 3 or 4 defective bulbs and 2 or 1 or 0 working bulbs in each set:
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				Example 9

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

	
		
			[image: ]
		

		
			[image: ]
		

		
			
				PROBLEMS 2.2
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				A

				1. There are 12 people in a committee.

				a. In how many ways can a subcommittee of 4 people be selected from the committee? 

				b. In how many ways can an executive subcommittee consisting of 4 people (chairperson, treasurer, manager and secretary) be selected from the committee? 

				c. Why are the answers to parts a and b different? 

				2. In how many ways can the letters in the word:

				a. CAT be arranged?

				b. DAD be arranged?

				c. PERU be arranged?

				d. CANADA be arranged?

				3. Aziz has a case with a code, a 4 digit code consists of numbers from 0-9 each. How many different combinations are there?

				4. A BTS (Bilim Tekseru Synagy) test has 100 questions, with 5 possible answers for each question. How many different ways would there be to answer the test?

				5. There are four textbooks. One of them is a Math textbook and three are History textbooks. In how many ways can four textbooks be arranged on the bookshelf, if similar subjects cannot be separated?

			

		

		
			
				6. There is a popular lottery game in Kazakhstan “Satti Zhuldyz”. The rule is easy. The participant chooses 3 digital number from 000 to 999. 

				a. How many different ways are there to choose the number (repetition is allowed)? 

				b. What is the probability of winning? 

				c. If each ticket costs 100 tg, and the size of the jackpot is 50 000 tg. What companies’ profit is? 

				7. Do the following exercises.

				a. How many ways are there to choose 3 desserts from a menu of 10. How many ways are there?

				b. List your 3 favourite desserts, in order, from a menu of 10. How many outcomes are there?

				B

				8. In how many different ways can a 9-question true-false test be answered:

				a. if every question must be answered?

				b. if it is all right to leave questions unanswered (i.e. answer true, false, or leave blank)?

				9. There are nine textbooks. Two of them are Math, three are English and four are History textbooks. In how many ways can nine textbooks be arranged on the bookshelf, if similar subjects cannot be separated? 
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				10. There are 10 textbooks. Two of them are Math textbooks, one is an English textbook, four are Biology textbooks and three are History textbooks. In how many ways can the nine textbooks be arranged on a bookshelf, if a similar subjects cannot be separated?

				11. An event manager has ten patterns of chairs and eight patterns of tables. In how many ways can he make a pair of table and chair?

				12. Find out the number of ways in which 6 rings of different types can be worn in 3 fingers?

				13. There are 10 textbooks. Two of them are Math textbooks, one is an English textbook, four are Biology textbooks and three are History textbooks. In how many ways can nine textbooks be arranged on the bookshelf, if a similar subjects cannot be separated and Math textbooks must always stay first? 

				14. In how many ways can the letters in the word: 

				a. SCRUMTRELESCENT be arranged? 

				b. GOVERNATOR be arranged, if two R’s must be together?

				15. In how many different ways can the letters of the word 'LEADING' be arranged in such a way that the vowels always come together?

			

		

		
			
				16. In how many ways can the letters in the word RACONTEUR be arranged? 

				a. if the word must start with a vowel 

				b. if the word must start and end with a vowel

				17. There are 2 boys and 3 girls in a group, a pair of 1 boy and 1 girls for a competition must be selected. How many ways are there?

				18. Out of 7 consonants and 4 vowels, how many words of 3 consonants and 2 vowels can be formed?

				19. In how many different ways can the letters of the word 'GENIUS' be arranged in such a way that the vowels occupy only the odd positions?

				20. There are 3 boys and 4 girls in a group, two pairs for a project must be selected. How many ways are there?

				21. A question paper has two parts P and Q, each containing 10 questions. If a student needs to choose 8 from part P and 4 from part Q, in how many ways can he do that?

				22. From a group of 7 men and 6 women, five persons are to be selected to form a committee so that at least 3 men are there on the committee. In how many ways can it be done?
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				23. A box contains 2 yellow balls, 3 black balls and 4 blue balls. In how many ways can 3 balls be drawn from the box, if at least one black ball is to be included in the draw?

				24. A box contains 4 pink, 3 white and 2 violet balls. Three balls are drawn at random. Find the number of ways of selecting the balls of different colours?

				25. There are 5 boys and 5 girls in the theatre group. 

				a. A king, a queen and 2 daughters must be selected for a play. How many ways are there? 

				b. A king, a queen and 2 court (a boy or a girl does not matter) must be selected for a play. How many ways are there? 

				26. At a birthday party, every person shakes hands with every other person. If there was a total of 28 handshakes at the party, how many persons were there?

				27. How many quadrilaterals can be formed by joining the vertices of an octagon?

			

		

		
			
				28. How many straight lines can be formed by joining 12 points on a plane out of which no points are collinear?

				C

				29. A multiple choice test has 12 questions, with 4 possible answers for each question.

				a. If a student were to guess the answer to each question, how many different ways would there be to answer the test? 

				b. Some sneaky student with bad memory saw the solution key and is telling info to several students ( he does not remember the order). Here is the info: 2 answers are A, 4 answers are B, 5 answers are C and 1 answer is D. How many different answer keys are possible? 

				30. A standard deck of playing cards consist of 52 cards. There are 4 suits (Spades, Heart, Diamonds and Clubs), each suit consist of 13 cards (2, 3, 4, 5, 6, 7, 8, 9, 10, Jack, Queen, King, Ace). Faced cards are called cards with face pictures. Solve for each condition, how many 7-card hands can be formed under each condition below:

				a. There are only Aces of faced cards. 

				b. There are only numbered cards to be used. 

				c. There are 3 Spades, 1 Heart and 3 Clubs. 

				d. There are at least 6 black cards. 

				e. There are exactly 3 nines.

				f. There are exactly 2 Jacks and exactly 
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				3 Aces.

				g. There are at least 5 black cards.

				h. There are at least 2 black card.

				i. There are at least 1 Diamond.

				j. There are exactly 2 Kings and exactly 2 Spades.

				(Combinations of when one of the cards is a King of Spades + combinations of when none of the cards is a King of Spades)

				k. There are exactly 3 fives and exactly 1 red card.

				l. There are exactly 3 Clubs and exactly 1 King card.

				 

				31. There are 8 boys and 12 girls in a drama club. How many ways can a committee of 5 be selected in each case? 

				a. There must be at least 4 boys

				b. There must be at least 2 boys. 

				c. There must be at least 2 girls. 

				d. There must be more girls than boys. 
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				2.3

			

		

		
			
				Newton’s Binomial and Its Properties

			

		

		
			
					

			

		

		
			
				You will:
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				- know and use Newton’s Binomial Formula and its properties.

			

		

		
			
				Pascal’s triangle and binomial expansion

			

		

		
			
				In 7th grade we have learned how to expand  and . Now let’s give a look for them  and . If exponents of binomial are 0 and 1:
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				 and .
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				Now we write these expressions in the order and look for coefficients of the expansion.

				The coefficients show a pattern:

				Firstly, notice that each row begins and ends with 1.

				Secondly, notice that the sum of any two consecutive terms in a row gives us the term between them on the next row. And this pattern is known as Pascal’s triangle.

				Notice also that the first row is the row zero. And when we count the positions of the numbers in each row we also begin with zero. 

				For example,

				Number 15 in 6th row is the second entry (not third).
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				History
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				The pattern of numbers that forms Pascal's triangle was known well before Pascal's time. Centuries before it was described by Indian mathematicians, by the Persian poet and mathematician Omar Khayyam, and by Chinese mathematician Chu Shih Chieh.
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					Row

					Number

				

				
					PASCAL'S TRIANGLE

				

				
					Row

					Sum
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				Expand:

				a. 		b. 
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				Solution:

				a. The coefficients of the terms in the expansion will be the entries in the sixth row of Pascal’s triangle: 1, 6, 15, 20, 15, 6, 1.

				b. The primary coefficients of the terms in the expansion will be the entries in the fifth row of Pascal’s triangle: 1, 5, 10, 10, 5, 1.

				The second term of the binomial is . To avoid any mistakes, let’s keep 3y in parenthesis:
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				Example 1
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				CHAPTER 2
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						Terminology
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				Expansion - ашылу/ раскрытие

				Pascal's Triangle - Паскаль үшбұрышы/ треугольник Паскаля

			

		

		
			
				Real life
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				In the real world, Pascal’s triangle trans-lates into the complex topic of graph theory which includes turning mapping information into data, finding short-est paths, aeroplane routes and airport con-trol, computer graphs, engineering, data man-agement, search algo-rithms and more.
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				Binomial expansion of the form  has the following properties:

				1. There are  terms.

				2. The coefficients of the terms are the numbers from the nth row of Pascal’s triangle.

				3. The exponent of a is n in the first term, and the exponent decreases by 1 in each successive term.

				4. The exponent of b is 0 in the first term, and the exponent increases by 1 in each successive term.

				5. The sum of the exponents in any term is n.

				6. Substituting 1 for a and b gives the sum of the coefficients of an expansion.

				7. Substituting 0 for a or b gives the constant term of the expansion.
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					Properties
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				Note

			

		

		
			
				Common mistake
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				Practice 2

				How many terms are there in the expansion of .
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				Practice 3

				Find the sum of the coefficients in the expansion of .
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				Activity

			

		

		
			
				Write Pascal’s triangle to the tenth row. Then shade all the odd numbers with any colour that you want and even numbers with another colour. What do you get?
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				Research
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				Surf to the internet and write ‘Top 10 secrets of Pascal’s triangle’. And open the magics of this triangle to yourself.
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				How many terms are there in the expansion of .

				Solution:

				Since the power is 13 by using Property 1 there will be  terms.
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				Find the sum of the coefficients in the expansion of .

				Solution:

				By using Property 6 if we substitute 1 for each variable in  we get 
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				Example 2

			

		

		
			
				Example 3
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				Practice 1

				Expand:

				a. 		b. 
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				Find the constant term in the expansion of .

				Solution:

				By using Property 7 if we substitute 0 for each variable in  we get 
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				Example 4
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				We used Pascal’s triangle to find binomial expansions. The coefficients of the expansion of  are the numbers in Pascal’s triangle, which are actually combinations.

				
					Pascal's Triangle

				

				
					Combinations

					(binomial 

					coefficients)

				

				
					Binomial expansion

				

				
					1
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					1 2 1
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					1 3 3 1
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				The pattern in the table can help you expand any binomial by using the Binomial Theorem.
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				Newton’s binomial

			

		

		
			
				Practice 4

				Find the constant term in the expansion of .
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				Rule

				For any whole number n
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				Note

			

		

		
			
				Remember That!

				Exponent of a starts at n and go down to 0

				Exponent of b starts at 0 and go up to n

				The sum of exponents of a and b is n for each term.
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						Terminology
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				Newton's binomial - Ньютон биномы/ бином Ньютона

			

		

		
			
				CHAPTER 2

			

		

		
			
				Discussion
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				What if we have to expand ? Do we have to construct the Pascal’s triangle to the 53rd row? Or we can find it by another formula?
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				Expand expressions using combination.

				a. 		b. 
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				Solution:
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				Example 5
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				Fact
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				To escape the Great Plague in England in 1665, 23-year-old Isaac Newton stayed at his family's country home for 18 months. At that time, he developed his proof of the binomial theorem and made several other important discoveries.
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				Practice 5

				Expand expressions using combination.

				a. 		b. 
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				The relation between combination and Pascal’s triangle helps us calculate any particular term in a binomial expansion without writing the entire expansion.

			

		

		
			
				Rule

				The rth entry in the expansion of  is
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				CHAPTER 2

			

		

		
			
				Practice 6

				1. Find the tenth term in the expansion of .

				2. Find the coefficient of twentieth term in the expansion of .
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					Find the ninth term in the expansion of . 

					Solution:

					Substitute  and  in the formula.
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					Example 6
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				PROBLEMS 2.3
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				A

				1. Expand each expression.

				a. 	b. 
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				c. 	d. 
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				2. How many terms are there in the expansion?

				a. 	b. 
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				3. Find the sum of the coefficients in each expansion.

				a.  b. 
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				4. Find the constant term in each expansion?

				a. 	b. 
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				B

				5. Expand each expression.

				a. 	b. 

				
					[image: ]
				

				c. 	d. 
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				6. Expand the expressions using combination.

				a. 	b. 

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				c. 	d. 
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				7. Find the seventh term of the expansion of .

				8. Find the fourteenth term of the expansion of .

				9. Find the coefficient of the fifth term of the expansion of .

				10. Find the coefficient of the thirteenth term of the expansion of .

				11. Find the middle term of the expansion of .

				12. Find the middle term of the expansion of .

				13. Evaluate.

				a. 

				b. 
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				c. 

				C

				14. 1080x3 is a term in the expansion of . Find a.

				15. 4375x9y8 is a term in the expansion of . Find a.

				16.  is given. Find a.

				17. What is the term that contains x20 in the expansion of ?

				18. The sum of the coefficients in the expansion of  is 1024. What is the greatest coefficient in this expansion?

				19. Given that the coefficient of x2 in the expansion of  is 28. Find the value of p.
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				20. Find the term involving q8 in the expansion of . 

				21. Find the coefficient of x20 in the expansion of .

				22. What is the constant term in the expansion of ?

				23. What is the constant term in the expansion of ?

				24. What is the rational term in the expansion of ?

				25. How many rational terms are there in the expansion of ?

				26. Find the term independent of y in the expansion of .
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				S U M M A R Y
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				The Sum Rule

				Let A and B be two actions that cannot be performed at the same time. If action A can be performed in m ways and action B can be performed in n ways, then the action A or B can be performed in  ways.

				The Product Rule

				It is the idea that if there are m ways of doing something and n ways of doing another thing, then there are  ways of performing both actions.

				Factorial of a Number

				For any counting number n, the product of all positive integers less than or equal to n is called n factorial and denoted by n!:

				PERMUTATION

				An ordered arrangement of some or all of the elements of a given set is called a permutation. The number of permutations of all of the n distinct elements in a set is denoted by , where
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				The number of permutations of r elements selected from a set of n elements is

				COMBINATION

				An unordered selection of elements is called a combination. We write it as 

				A subset of r elements chosen from a 
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				set of n elements is called an r-element combination of that set.

				The number of r-element combinations of a set of n elements is

				Pascal's Triangle and Binomial Expansion

				Binomial expansion of the form  has the following properties:

				1. There are  terms.

				2. The coefficients of the terms are the numbers from the nth row of Pascal’s triangle.

				3. The exponent of a is n in the first term, and the exponent decreases by 1 in each successive term.

				4. The exponent of b is 0 in the first term, and the exponent increases by 1 in each successive term.

				5. The sum of the exponents in any term is n.

				6. Substituting 1 for a and b gives the sum of the coefficients of an expansion.

				7. Substituting 0 for a or b gives the constant term of the expansion.

				Newtan's binomial

				For any whole number n
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				Number Sequences

			

		

		
			
				3.1 Number sequences. Defining ways and Properties of Number Sequences

				3.2 Arithmetic Sequence

				3.3 Geometric Sequence

				3.4 Infinite Geometric Sequence. Solving Written Problems
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				Chapter 3
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				3.1

			

		

		
			
				Number sequences. Defining ways

				and Properties of Number Sequences

			

		

		
			[image: ]
		

		
			
				You will:
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				- Have an idea about number sequence;

				- Find n - th term of a sequence;

				- Know and use the method of mathematical induction.

			

		

		
			
				We can see sequences everywhere. They take on various shapes and play important roles in our everyday lives. For instance, we encounter them in house numbers as we walk down a street, in the value of our blocks in games like 2048, and in the case of the Fibonacci sequence, where each number is generated by adding the two preceding numbers.

				For example,

				64, 32, 16, 8,...

				the number of teams which play in each round of a tournament so that at the end of each game one team is eliminated and the other qualifies for the next round. We can easily predict the next numbers: 4, 2, and 1. Since there will be one champion, the sequence will end at 1, that is, the sequence has a finite number of terms. Sequences may be finite in number or infinite.

			

		

		
			
				Number sequences
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					Definition

				

			

		

		
			
				Sequence is a list of numbers arranged according to a specific rule. Each number in the sequence is called a term. 

			

		

		
			
				Since this is just a matter of notation, we can use another letter instead of the letter a. 

				For example, 

				We can also use bn, cn, dn etc. as the name for the general term of a sequence.

				We denote a sequence by , where an is written inside brackets. We write the general term of a sequence as an, where an is written without brackets. For the above example, if we write the general term, we write . If we want to list the terms, we write .
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				For example, 

				List of the squares of all the natural numbers: 

				1, 4, 9, 16, 25, 36,...

				We denote the first term by a1, the second term by a2, and so on. So for the above list

				 

				Here, a1 is the first term,

				a2 is the second term,

				a3 is the third term,

				 

				an is the nth term, or the general term.
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				Fact

			

		

		
			
				2048

				2048 is a single-player sliding block puzzle game designed by the Italian web developer Gabriele Cirulli. The game's objective is to slide numbered tiles on a grid to combine them to create a tile with the number 2048. However, one can continue to play the game after reaching the goal, creating tiles with larger numbers.

				The Fibonacci sequence

				The Fibonacci sequence is a series of numbers where each number is the sum of the two preceding ones, starting from 0 and 1. The sequence goes like this: 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, and so on. The Fibonacci sequence can be seen in the growth patterns of various natural phenomena, such as the branching of trees, the spiral shapes of shells, and the arrangement of leaves on a stem.
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				Write the first five terms of the sequence with general term .

				Solution:

				Since we are looking for the first five terms, we just recalculate the general term for , which gives 
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				Example 1
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				Practice 1

				1. Write the first five terms of the sequence whose general term is .

				2. Write the first six terms of the sequence with the general term .
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				CHAPTER 3
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				Practice 2

				Find a suitable general term an for the sequence whose first four terms are 6, 9, 12, 15.
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						Terminology
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				Denote – белгілеу/ обозначать

				Finite – шекті/ конечная

				Infinite – шексіз/ бесконечная

				Sequence – тізбек/ последовательность

				Term – мүше/ член

			

		

		
			
				Find a suitable general term bn for the sequence whose first four terms are .

				Solution:

				We need to find a pattern. Notice that the numerator of each fraction is equal to the term position and the denominator is one more than the term position, so we can write 
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				Example 2
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				Note

			

		

		
			
				In a sequence, n should always be a natural number, but the value of an may be any real number. Depending on the formula for the general term of the sequence.
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				Criteria for the existence of a sequence

			

		

		
			
				If there is at least one natural number which makes the general term of a sequence undefined, then there is no such sequence.

			

		

		
			
				Is  a general term of a sequence? Why?

				Solution:

				No, because we cannot find a proper value for .
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				Example 3
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				Practice 3

				Is  a general term of a sequence? Why?
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				Is  a general term of a sequence? If yes, find .
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				Solution:

				 is not meaningful only when . 
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				Since an is defined for any natural number, it is the general term of a sequence. Choosing  we get 
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				So .
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				Example 4
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				Practice 4

				For which values of a is  general term of a sequence?
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				Note

			

		

		
			
				The expression  is only meaningful when .
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				Given , find the number of the term of the sequence  which is equal to
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				a. 25	b. 17	c. 48

				Solution:

				Therefore, as we can see the value of the 10th term is 25.

				Therefore, as we can see the value of the 6th term is 17.
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				Example 5
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				Practice 5

				1. Which term of the sequence with general term  is ?
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				2. Does 4 belong to any term if the general term is ?
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				Prove that the sequence  with general term  is an increasing sequence.
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				Solution:

				If , then , and so
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				Since, , is an increasing sequence.
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				Example 6
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				Practice 6

				Prove that  is a decreasing sequence.
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				If each term of a sequence is greater than the previous term, then the sequence is called an increasing sequence. Symbolically,  is an increasing sequence if .
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				If each term of a sequence is less than the previous term, then that sequence is called a decreasing sequence. Symbolically  is a decreasing sequence if . 
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				In general any increasing or decreasing sequence is called a monotone sequence.

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				Monotone and Piecewise sequences

			

		

		
			
				,  is not a term
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				CHAPTER 3
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						Terminology
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				Decreasing – кемімелі/ убывающая

				Monotone – бірқалыпты/ монотонная Increasing – өспелі/ возрастающая

				Piecewise – бөлшектелген/ кусочно
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				Write the first four terms of the piecewise sequence with general term:

				Solution:

				To find a1 and a3 we use  since n is odd, and to find a2 and a4 we use  since n is even. So,
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				, ,  and .
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				Example 7
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				Practice 7

				Write the first four terms of the piecewise sequence with general term 
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				The sequence given with general term  and first term  is a recursively defined sequence.
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				a. Find a2

				b. Find the general term of the sequence
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				Example 8
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				Sometimes the terms in a sequence may depend on the other terms. Such a sequence is called a recursively defined sequence.

			

		

		
			
				recursively defined sequence
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				Fact
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				Recursively defined sequences are frequently used in computer programming.

				In Kazakhstan, the volume of computer programming services increased by 46% per year, information services - by 18%.
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				If the general term of a sequence is defined by more than one formula, then it is called a piecewise sequence.

				For example, 

				The sequence with general term

				is a piecewise sequence.
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				Solution:

				a. Note that choosing  will not help us to find a2 since we will get an equation like , which needs a3 to find a2. But if we choose , we will get . Using , we find .

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				b. 

				 

				So the general term is .
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				Practice 8

				1.  and . Find the general term of the sequence.
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				2. Find the general term of the sequence if  and .

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				 is given. Find first seven terms of the sequence.

				Solution:

				Here we notice that it is not possible to calculate a term’s value unless we know the two previous terms. Since we are given the first and second terms, with the help of the general term we can find the third term.

				Choosing , the formula for general term becomes. Now it is possible to find b4, and then by the same procedure b5, b6 and b7.
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				The first seven terms are 1, 1, 2, 3, 5, 8, 13. The sequence in this example is called the Fibonacci sequence.
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				Example 9
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				Fact
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				0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597, …

				This is the Fibonacci Sequence. It goes on infinitely and is made up of the series of numbers starting with 0, followed by 1, where each subsequent number is the sum of the previous two numbers.

				November 23rd is Fibonacci day because when written in mm/dd format as 11/23, these four numbers form a Fibonacci sequence
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				Research time

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				Fibonacci founded sequence after observing a rabbit breeding. If each pair spawn a new pair then sequence must be 1,1,4,8,16,... Hence where did the Fibonacci sequence come from and why the sequence is 1,1,2,3,5,8,13...

			

		

		
			
				CHAPTER 3
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						Terminology
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				Breed – көбеюі/ разведение

				Recursive – рекурренттік/ рекуррентный
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				Activity

			

		

		
			
				To construct a golden rectangle, draw a square ABCD and then find the middle point M of the AB. Draw a line from M to C. Using M as the center point, rotate the line MC until it overlaps AB. Name this new line ME. Draw a vertical up from point E until it intersects the extension of line DC and label that intersection as point F. The new rectangle AEFD is a golden rectangle.
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				Research time
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				Search about Fibonacci spiral and connection between the golden rectangle. Look at examples of this in nature or architecture.

			

		

		
			
				Have you ever played domino? if the answer is yes, then you sometimes tried to line up dominos and enjoyed domino falling effect. We know to work out the domino effect we need. First, the first domino falls. Next, when any domino falls, the next domino falls ... so all dominos will fall. Mathematical induction method works without significant difference with domino fall effect (Figure 3.1.1). How?

			

		

		
			
				Practice 9

				Find a5 if  and 
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				Given  and , find a3.
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				Solution:

				First we need to find a4, choosing 
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				, now it is easy to find a3 with the same way
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				Example 10
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				Practice 10

				Which term of the sequence is equal to 63, if  and  for ?

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				methods of mathematical induction

			

		

		
			
				Rule

				Principle of mathematical induction:

				1. Checking trueness of the statement for .

				2. When a statement is true for a natural number , then it will also be true for its successor, .
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					Figure 3.1.1
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						Terminology
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				Assumption – болжам/ предположение

				Induction – индукция/ индукция

				Successor – мұрагер/ наследник

			

		

		
			
				CHAPTER 3

			

		

		
			
				Prove the following statement by the mathematical induction for all natural numbers n.

				Solution:

				Step 1: We will check the statement for .
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				Step 2: Assume  then we need to show  is true for the statement.

				
					[image: ]
				

				When .
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				When .
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				So statement is proved.
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				Example 11
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				Practice 11

				1. Use the Methods of Mathematical Induction to show that the given statement is true for all natural numbers n.

				2.  is multiple of 2 for . Prove it.
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				PROBLEMS 3.1
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				A

				1. State whether each term is a general term of a sequence or not.

				a. 	b. 

				
					[image: ]
				

				c. 	d. 
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				e. 	f. 
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				2. Find a suitable formula for the general terms of the sequences whose first few terms are given.

				a. 25, 15, 5, – 5, – 15... b. 1, 3, 5... 

				c. – 1, 3, – 5...	d. 2, 6, 12, 20, 30...

				e. 0, 3, 8, 15...		f.  

				3. Find the stated terms for the sequence with given general term.

				a. , find the first three terms and a34.

				b. , find the first five terms and a20.

				c. , find the first four terms and a12.

				4. Find the first five terms of each sequence.

				a. 	

				b. 

				c. 
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				5. For the sequence with general term 

				find .

				6. State whether the sequence  is monotone or not.

				7. Write the following sequence recursively.

				a. 

				b. 

				c. 

				B

				8. Which is the next term in the sequence – 9, – 6, – 3, 0,...?

				a. – 3	b. 0 c. 3 d. 6

				9. How many terms of the sequence with general term  are negative?

				10. How many terms of the sequence with general term  are less than ?
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				11. The sum of the interior angle measures for the first five regular polygons is shown.
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				a. Write an general term of the sequence of the sum of the angle measures. 

				b. Find the measure of an interior angle of a 10-sided regular polygon? 

				c. Find the measure of an interior angle of a 14-sided regular polygon? 

				12. Find a suitable general term for the sequence whose first six terms are 2, 1, 4, 3, 6, 5...

				13. Find the first three terms and, if possible, the general term of the recursively defined sequence. 

				a. 

				b. 

				c. 

				14. Given a sequence with  and . Find a29.
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				15. Which rule describes the given sequence 4, 12, 36, 108,...?

				a. 

				b. 

				c. 

				d. 

				C

				16. For the sequence with general term  and , find m.
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				17. Find a suitable general term (not piecewise) for the sequence whose first five terms are 2, 4, 6, 8, 34. What is the sixth term?

				18. Prove that the sequence with general term

				a.  is increasing.

				b.  is decreasing.

				19. Consider a sequence with  and . Is 1980 a term of this sequence?
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				20. How many terms of the sequence with general term  are integers?
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				84
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				3.2

			

		

		
			
				Arithmetic sequence

			

		

		
			
					

			

		

		
			
				You will:
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				-	distinguish arithmetic and geometric sequences among number sequences;

				-	know and apply general term formula, sum of first n terms formula and properties of an arithmetic sequence.

			

		

		
			
				Arithmetic Sequences

			

		

		
			
				In an arithmetic sequence, the difference between consecutive terms is constant. The constant difference is called the common difference and is denoted by d.

			

		

		
			
				Practice 1

				Decide whether the sequence is arithmetic. Explain why or why not.

				a. 	b.  
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				Decide whether each sequence is arithmetic.

				a. 	b. 
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				Solution: 

				To decide whether a sequence is arithmetic, we will find the differences of consecutive terms.

				 

				As we can see above, each difference is 5, so the sequence is arithmetic. 

				 

				The differences are not constant, so the sequence is not arithmetic.
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				Example 1
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				Activity

			

		

		
			
				Work with a partner. In chemistry, water is called H2O because each molecule of water has 2 hydrogen atoms and 1 oxygen atom.

				Use the figure to complete the table. 

				Describe the pattern of the y-values.

				Use your pattern to predict the number of atoms in 23 molecules.

				
					Number of Molecules, n

				

				
					Number of Atoms, 

					y

				

				
					1

				

				
					2

				

				
					3

				

				
					4

				

				
					5
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				State whether the sequences with the following general terms are arithmetic or not. If a sequence is arithmetic, find the common difference.
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				Example 2
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				Rule

				Let an be the nth term of an arithmetic sequence with first term a1 and common difference d is given by:

				This called the general term formula.
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				Practice 2

				Is the following general term arithmetic or not? If arithmetic, then what is the common difference?

				a. 	b.  
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				a. 	b. 	c. 
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				Solution: 

				a. , so the difference between each consecutive term is , which is constant. Therefore,  is an arithmetic sequence and .
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				b. The difference between each consecutive term is  which is not constant. Therefore,  is not an arithmetic sequence.
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				c. Factoring the numerator we have . Since  (since n must be natural number), we have . Therefore, , and the difference between the consecutive term is , which is constant. So,  is an arithmetic sequence and .
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				 are the first three terms of an arithmetic sequence . Find the eleventh term.
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				Solution: 

				We know that  and . Now, using the general term formula
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				Example 3
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				CHAPTER 3
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						Terminology
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				Arithmetic sequence - арифметикалық прогрессия/ арифметическая прогрессия

				Common difference - айырымы/ разность
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				Activity

			

		

		
			
				Pair work!

				Describe and correct the error in finding the common difference of the arithmetic sequence

				2, 1, 0, –1

				The common difference is 1.
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				Practice 3

				Given first four terms of an arithmetic sequence . Find .
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				a. 	b. 	c.  
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				Practice 4

				1. Given  and  of the arithmetic sequence. Find 

				
					[image: ]
				

				2. Given  and  of the arithmetic sequence. Find 
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				Given  and  of the arithmetic sequence. Find 
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				Solution: 

				At first, we find values of each unknown term and then we add the values of each finding term to each other. So,
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				Example 4
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				Advanced General Term Formula

			

		

		
			
				Practice 5

				 is an arithmetic sequence with  and common difference 4. Find .
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				 is an arithmetic sequence with  and common difference 3. Find .
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				Solution: 

				Using the general term formula,

				So, .
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				Example 5
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				Activity

			

		

		
			
				Pair work!

				Let us take the arithmetic sequence with a positive common difference.What happens to the nth term as n becomes greater and greater? What happens if the sequence has a negative common difference?
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				In this example, we find the first term of the arithmetic sequences (an) from a11, then used this value to find a3. However, there is a quicker way to solve this problem: in general, if we know the common difference and any term of an arithmetic sequence, we can find the required term without finding the first term. So look at the calculation:

				If we know ap and d, to find an we can write:

				Substracting (2) from (1), we get . So, . 
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				Rule

				The general term of an arithmetic sequence (an) with common difference d is

				where ap is any term of the sequnce.
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				Practice 6

				1.  is an arithmetic sequence with  and common difference 5. Find .
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				2.  is an arithmetic sequence with , . Find d.
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				(an) is an arithmetic sequence with  and . 
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				Find the common difference.

				Solution: 

				Using the advanced general term formula,

				So, the common difference of the sequence is 5.
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				Example 6
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				 is an arithmetic sequence with . Find .
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				Solution: 

				Using the advanced general term formula,
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				Example 7
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				CHAPTER 3
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						Terminology
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				Required - қажет/ необходимый

			

		

		
			
				Discussion
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				Discuss with your classmates. What does  mean and for what arithmetic sequences is it true?
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				Therefore, .
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				Practice 7

				 is an arithmetic sequence with . Find .

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			[image: ]
		

		
			
				Practice 8

				We insert six numbers in decreasing order between 47 and 5 such that this numbers form arithmetic sequence. Find the fourth number of the sequence.

			

		

		
			
				We insert five numbers in increasing order between 12 and 42 such that all the numbers form arithmetic sequence. Find the fourth number of this sequence.

				Solution: 

				If we insert five numbers between two, the sequence has seven terms in total. That means  and . Find .
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				Using the general term formula,

				Hence, .
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				Example 8
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				Middle Term Formula (Arithmetic Mean)

			

		

		
			
				Given the arithmetic sequence  with . Find .

				
					[image: ]
				

				Solution: 

				This time we just have  as data. Now we need to rewrite a2, a10 by advanced general term formula to use our well-known data.
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				Example 9
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				Discussion
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				What is the least number of terms you need to write the general rule for an arithmetic sequence? How many points do you need to write an equation of a line? Are these answers related? Explain.
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				Practice 9

				Given the arithmetic sequence  with . Find .
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				So, the sum of the 2nd and 10th terms of the sequence is 16.
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				The solution to the previous example shows us a practical formula. Let ap and ak be terms of an arithmetic sequence such that . Then
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				We get after adding equations (1) and (2),

				 or 

				
					[image: ]
				

				where means that any term x in an arithmetic sequence is half the sum of any terms which are at equal distance from in the sequence. Note that in the previous example, a6 was the same distance from a2 and a10.
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				For example, 

				The following equalities will hold in an arithmetic sequence:

				 since a3 is in the middle of a1 and a5.

				 by the middle term formula x must be 8.

				 by the middle term formula y must be 11.

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				Rule

				In an arithmetic sequence,

				where .
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				CHAPTER 3
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				Activity

			

		

		
			
				Pair work!

				The population of the city of Aktobe as of January 1, 2022, according to the current account, was 525 thousand. The population of the city of Aktobe increases every year by approximately 8.5 thousand inhabitants. What will be the approximate population of Aktobe by 2025, by 2030? by 2040?
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				Note

			

		

		
			
				Three numbers a, b, c form an arithmetic sequence if and only if
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				Practice 10

				1.  are three consecutive terms of an arithmetic sequence. Find x.

				2. Find x, if x, 7, 18 form an arithmetic sequence.
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				 is an arithmetic sequence. Find x.

				Solution: 

				We write as  and . So, we must find . 
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				So the answer is 8.
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				Example 10
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				Note

			

		

		
			
				Three numbers a, b, c form an arithmetic sequence if and only if
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				Practice 11

				Find the general term an for the arithmetic sequence with  and .
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				Find the general term an for the arithmetic sequence with  and .
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				Solution: 

				Using the middle term formula

				Using the advanced general formula, 

				To write the general term we can choose a9 or a13. Let us choose a13, then using the advanced general term formula we get
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				Example 11
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				Sum of the First n Terms 

			

		

		
			
				Let us consider an arithmetic sequence whose first few terms are 2, 5, 8, 11, 14, 17. The sum of the first terms of this sequence is obviously 2. The sum of the first two terms 
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				CHAPTER 3

			

		

		
			
				How could we find S100 in the above example and practice? Calculating terms and finding their sums takes time and effort for large sums. Since arithmetic sequences are special interest and importance, we need a more efficient way of calculating the sums of arithmetic sequences. The following theorem meets our needs:

			

		

		
			
				Practice 12

				Given the arithmetic sequence with general term , find the sum of the first four terms.
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				Given the arithmetic sequence with general term , find the sum of the first four terms.

				Solution: 
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				Example 12
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					Theorem 1

				

			

		

		
			
				The sum of the first n terms of an arithmetic sequence (an) is 
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				is 7, the sum of the first three terms is 15, and so on. To write this in a more formal way, let us use Sn to denote the sum of the first n terms, i.e., . Now we can write:
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						Terminology
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				Consecutive - ретті/ последовательный

				Effort - күш салу/ усилие
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				Adding these equations side by side,
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					Proof

				

			

		

		
			
				Practice 13

				1. Given an arithmetic sequence with  and . Find S6.
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				2. Given an arithmetic sequence with  and . Find S27.

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				Consider the arithmetic sequence Find the sum of the first 30 terms.

				Solution: 

				To begin, notice that  and . By using the general term formula the 30th term is
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				So, the sum of the first 30 terms is
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				Example 13
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				If  is the sum of the terms of a finite arithmetic sequence, how many terms are there in the sequence?

				Solution: 

				To begin, notice that ,  and . And we need to find n.
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				Example 14
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				Using the sum formula,

				So 28 numbers were added.
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				Practice 14

				If  is the sum of the terms of a finite arithmetic sequence, how many terms are there in the sequence?
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				Since , we can also rewrite the sum formula as follows:
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				Rule

				The sum of the first n terms of an arithmetic sequence is 
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				Practice 15

				Given an arithmetic sequence with  and . Find a1.
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				Given an arithmetic sequence with  and . Find d.
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				Solution: 

				By using the alternative formula for the sum of the first n terms, we have

				So, the common difference of this sequence is .
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				Example 15
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				CHAPTER 3
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				Applied problems

			

		

		
			
				Practice 16

				Suppose a movie theater has 40 rows of seats and there are 27 seats in the first row. Each row after the first has two more seats than the row before it. How many seats are in the theater?

			

		

		
			
				The first row of a concert hall has 24 seats, and each row after the first has one more seat than the row before it. There are 30 rows of seats.

				a. Write a rule for the number of seats in the nth row.

				b. Thirty-four students from a class want to sit in the same row. How close to the front can they sit?

				Solution: 

				a. Use  and  to write a rule for an.
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				b. Using the rule , let  and solve for n.
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				The class can sit in the 7th row.
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				Example 16
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				The population of the city increased by 4200 in the year 2014. The rate of the population growth is expected to decrease by 20 people per year. What is the city's expected total population growth between 2014 and 2024 inclusive?

				Solution: 

				Note that the rate of population growth in the city is decreasing. Here, symbolically we have:

				 (the population growth in the first year that is to be included in the total)

				 (the difference between the population growth for consecutive years)

				 (the total population growth in eleven years from 2014 to 2024 inclusive)
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				Example 17
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				Fact
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				Central Concert Hall – Astana.

				The Central Concert Hall was constructed in the middle of the business district of Astana. It is located nearby the presidential palace and a body of water.

				This building also demonstrates bio-climatic architecture, because the local weather was taken into a huge consideration for the design process.

				This concert hall can seat up to 3500 people in one place, that is the reason why this auditorium is one of the largest in the world. This building actually has two wraps. The inner wrap is the large auditorium that is completely covered with wood and seats 3500 people. The external wrap makes room for a big protected square that contains overlooks, restaurants, shops, and two halls of 200 and 400 seats.
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				Practice 17

				A man climbing up a mountain climbs 800 m in the first hour and 25 m less than the previous hour in each subsequent hour. In how many hours can he climb 5700 m?
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				Practice 18

				A well-drilling company charges 6072 tenge for drilling the first meter of a well, 6174 for drilling the second meter, and so on. How much does it cost to drill a 100 m well?

			

		

		
			
				A farmer picks 120 tomatoes on the first day of the harvest, and each day after he picks 40 more tomatoes than the previous day. How many days will it take for the farmer to pick a total of 3000 tomatoes?

				Solution: 

				We can describe this situation with the help of arithmetic sequence notation:
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				Solving the quadratic equation gives  or . Since we cannot talk about a negative number of days, the answer is ten days.
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				Example 18
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				So the expected total population growth is 45100 people.
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				CHAPTER 3
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						Terminology
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				Harvest - егін жинау/ сбор урожая

				Subsequent - кейінгі/ последующее

				Well-drilling company - бұрғылау компаниясы/ буровая компания
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				PROBLEMS 3.2
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				A

				1. State whether the following sequences are arithmetic or not.

				a. 	

				b. 

				c. 

				2. Find the formula for the general term an of the arithmetic sequence with the given common difference and first term.

				a. 	b. 

				
					[image: ]
				

				c. 	d. 
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				e. 	f. 
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				3. Write the next five terms of the arithmetic sequence.

				a. First term: 3; Commom difference: 8

				b. First term: –7; Commom difference: –2

				c. First term: 16; Commom difference: 4.5

				d. First term: 0; Commom difference: 5.2

				4. Find the common difference of the arithmetic sequence.

				a. 

				b. 

				c. 

				d. 

				5. Determine whether the sequence is arithmetic. If so, find the common 
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				difference.

				a. 

				b. 

				c. 

				d. 

				6. Find the common difference and the general term an of the arithmetic sequence with the given terms.

				a. 

				b. 

				c. 

				d. 

				e. 

				f. 

				7. Fill in the blanks to form an arithmetic sequence.

				a.  

				b. 

				8. Given that the following sequence are arithmetic. Find the missing value.

				a. 	b. 

				
					[image: ]
				

				9. Find the sum of the first n terms of the arithmetic sequences.

				a. 
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				b. 

				c. 

				d. 

				e. 

				f. 

				10. Find n for the given sum Sn.

				a. 

				b. 

				c. 

				d. 

				e. 

				f. 

				B

				11. Find the general term of the arithmetic sequence using the given data.

				a. 

				b. 

				12. For which values of m do the following numbers form a finite arithmetic sequence?

				a. 

				b. 

				c. 

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				13. Find the 12th term of each arithmetic sequence.

				a.  and 
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				b.  and 
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				c.  and 
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				14. In an arithmetic sequence the first term is –1 and the common difference is 3. Is 27 a term of this sequence?

				15. The sum of the fifth and eighth terms of an arithmetic sequence is 24, and the tenth term is 12. Find the 20th term of the sequence.

				16. Find the sum of the third and fifteenth terms of an arithmetic sequence if its ninth term is 34.

				17. For each arithmetic sequence find the missing value.

				a. 

				b. 

				c. 

				d. 

				e. 

				f. 
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				18. Is it possible that sum of the first few terms of the arithmetic sequence  is 575?

				19. The general term of an arithmetic sequence is . Find .
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				20. A runner begins running 5 km in a week. In each subsequent week, he increases the distance he runs by 1.5 km.

				a. How far will he run in the twenty-second week?

				b. What is the total distance the man will have covered from the beginning of the first week to the end of the twenty-second week?

				C

				21. Are the terms of an arithmetic sequence independent or dependent? Explain your reasoning.

				22. Is the domain of an arithmetic sequence discrete or continuous? Describe the types of numbers in the domain.

				23. Compare the graphs of  where n is a positive integer and  where x is a real number. Discuss how the graph of an arithmetic sequence is similar to and different from the graph of a linear function.
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				24. Find the indicated term of each arithmetic sequence.

				a.  

				b. 

				c. 

				d.  for 
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				e.  for 
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				f.  for 
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				25. The sum of the third and fifth terms an arithmetic sequence is 20, and the product of the fourth term and the sixth term is 200. Find the third term of this sequence.

				26. Given an arithmetic sequence an with . Find S12.

				27. The sum of the first n terms of an arithmetic sequence can be formulized as . Find the first three terms of the sequence.

				28. The sum of the first n terms of an arithmetic sequence can be formulized as . Find the value(s) common difference?
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				29. The sum of the first six terms of an arithmetic sequence is 9. The sum of the first twelve terms is 90. Find the sum of the thirteenth and seventeenth terms of this sequence.

				30. The sum of the first twelve terms of an arithmetic sequence is 522. The sum of the first sixteen terms is 880. Find the common difference of this sequence.

				31. In an arithmetic sequence the difference between the sum of the first nine terms and the sum of the first seven term is 20. Find the sum of the first sixteen terms. 

				32. Insert 43 numbers between 3 and 25 to get an arithmetic sequence. What is the sum of all the terms?

				33. An auditorium has 30 rows of seats with 20 seats in the first row, 24 seats in the second row, 28 seats in the third row, and so on. Find the total number of seats in the auditorium.

				34. Three numbers from a finite arithmetic sequence. The sum of the numbers is 3, and sum of their cubes is 4. Find the numbers.

				35. A bacterium divides into three in 1 second. How many bacteria will be in the test tube after 5 seconds, after 60 seconds?
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				GEOMETRIC SEQUENCE

			

		

		
			
					

			

		

		
			
				You will:
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				- know and apply general term formula, sum of first n terms formula and properties of an geometric sequence;

				- solve problems involving arithmetic and/or geometric sequences

			

		

		
			
				Geometric Sequence
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					Definition

				

			

		

		
			
				If a sequence (bn) has the same ratio q between its consecutive terms, then it is called a geometric sequence. 

				In other words, bn is geometric if  such that . q is called the common ratio of the sequence.
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				Discussion
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				A collectible purchased for 10000 tg increases in value by either 2000 tg per year or 10% per year. Discuss which increase you would prefer and why.
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				Sporting–event planners can use geometric sequences to determine the number of matches that must be played in a tournament. 

				For example,

				Yermakhan Ibraimov was the winner out of 32 boxers and won the gold medal at the Sydney Olympics. After each fight, the winner continues to the next round and loser is eliminated from the tournament. This means that after each round, only half of the players remain. 

				A geometric sequence can model the number of players remaining after each round. In a geometric sequence, the ratio of successive terms is a constant called the common ratio q ().

				
					Term
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					Value

				

				
					32

				

				
					16

				

				
					8

				

				
					4

				

				Ratios: ; ; . 
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				Obviously, the ratio of each term to its previous is equal to . So we can formulize the sequence as  or . The consecutive terms of the sequence have a common ratio  so this sequence is geometric.
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				If , the geometric sequence is increasing when  and decreasing when .
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				If , geometric sequence is increasing when  and decreasing when .
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				If , then the sequence is not monotone.
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				History

			

		

		
			[image: ]
		

		
			
				Yermakhan Ibraimov (born 1 January 1972 in Jambyl Region) is a Kazakh boxer who competed in the Light Middleweight (71 kg) at the 2000 Summer Olympics and won the gold medal. Four years earlier, at the 1996 Summer Olympics in Atlanta, he captured the bronze medal. He also won the bronze medal at the 1999 World Amateur Boxing Championships in Houston, Texas, and a silver one at the previous edition in Budapest. His first coach is Bakshar Karsybaev.
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				State whether the following sequences are geometric or not. If a sequence is geometric, then find the common ratio.

				a. 1, 2, 3, 4, 5,... b. 5, 5, 5, 5, 5,... c. 1, 4, 9, 16,... 

				d. 	e. 
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				Solution:

				a. not geometric	b. geometric,  

				c. not geometric d. geometric, 	

				e. geometric, 
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				Example 1
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				CHAPTER 3

			

		

		
			
				State whether the following sequences with general terms are geometric or not. If so, find the common ratio.

				a.  b.   
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				c. 	d. 
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				Solution:

				a. , so the ratio between each consecutive term is 

				 which is constant. So  is a geometric sequence and common ratio is .
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				b. , so the ratio between each consecutive term is  which is not constant. So  is not a geometric sequence.
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				Example 2
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				Practice 1

				State whether the following sequences are geometric or not. If a sequence is geometric, then find the common ratio

				a.  b.  
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				c. 	d. 	
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				e. 	f. 
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				Art time
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				The King and the Sage

				 

				A king offered a sage fabulous meals for one week. Instead, the sage asked for a single grain of rice the first day, 2 grains the second day, and double the amount each day after for one month. The king agreed. But, as the month progressed, he realized that he would lose his entire wealth. 

				Work with a partner. 

				● Why does the king think he will lose his entire wealth? 

				● Write your own story about doubling or tripling a small object many times. 

				● Draw pictures for your story. 

				● Include a table to organize the amounts. 

				● Write your story so that one of the characters is surprised by the size of the final number.
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						Terminology
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				Common ratio - ортақ еселік/ общее кратное

				Geometric sequence - геометриялық прогрессия/ геометрическая прогрессия
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				We have seen that for a geometric sequence, .

				This formula is defined recursively. If we want to make faster calculations, we need to express the general term of a geometric sequence more directly. The formula is derived as follows:

				This is the general term of geometric sequence.
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				General Term

			

		

		
			
				If 200, 100, 50,... are the first three terms of a geometric sequence bn. Find the sixth term.

				Solution:

				Given that . We can use the general term formula, , for this sequence . 
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				Example 3
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				c. Since the general term has a linear form, this is an arithmetic sequence. So () is not a geometric sequence.

				d. , so the ratio between each consecutive term is  which is constan. So  is a geometric sequence and common ratio is .
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				Practice 2

				State whether the following sequences with general terms are geometric or not. If so, find the common ratio.

				a.  b.  c.  d.  
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				Rule

				General term of a geometric sequence (bn) with common ratio q is .
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				Activity

			

		

		
			
				You start a chain email and send it to 8 friends. The process continues and each of your friends forwards the email to 8 people. The process continues for a few days.

				a. Write equation for nth term of the geometric sequence.

				b. After how many days will 4096 people have received the email?
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				Fact
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				Economist Thomas Malthus (1766–1834) predicted that population would increase as a geometric sequence and food production would increase as an arithmetic sequence. He concluded that eventually population would exceed food production. If two sequences, one geometric and one arithmetic, are increasing, the geometric sequence will eventually overtake the arithmetic sequence, regardless of any head start that the arithmetic sequence might initially have.
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				Practice 3

				1. If 1, 3, 9, 27,.... are the first terms of a geometric sequence bn. Find the general term and b10. 

				2. If 40, -20, 10, -5,.... are the first terms of a geometric sequence bn. Find the general term and b10. 

				3. Show that the sequence -16, 4, -1, 0.25,.... is geometric and find b5 and b8.

			

		

		
			
				bn is a geometric sequence with . Find the general term.

				Solution:

				Let’s use the general term formula, . Therefore,
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				Example 4
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				Practice 4

				1. Find the general term of the geometric sequence with the given qualities.

				a. 	b.  
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				2. Write general term of the geometric sequence with the given terms.

				a.	b.
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				Note

			

		

		
			
				Note

			

		

		
			
				Notice that 

				 is of the form .
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				When the terms in a geometric sequence alternate between positive and negative, the value of q is negative. 
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				Discussion
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					What can you say if ? What about ?
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						Terminology
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				General term - геометриялық прогрессияның жалпы мүшесі/ общий член геометрической прогрессии

			

		

		
			
				CHAPTER 3

			

		

		
			
				And by putting 6 in place of n we get 
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				Consider the geometric sequence (bn) with . Is 243 a term of this sequence?

				Solution:

				At first, we find general term formula,

				Now we substitute bn by 243. So,

				Therefore, . As we know that 8 is a natural number, so 243 is eighth term of this sequence.
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				Example 5
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				Practice 5

				(bn) a geometric sequence with . Is –96 a term of this sequence?
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				Given a monotone geometric sequence (bn) with . Find the common ratio. 

				Solution:

				We can find common ratio of the sequence by using the general term of the geometric sequence . So, 

				
					[image: ]
				

				Since the sequence monotone, . Otherwise, one term would be negative and the next would be positive, and that would give a sequence which is neither increasing nor decreasing. Note that if we did not know that the sequence was monotone, then there would be two possible answers.
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				Example 6

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			[image: ]
		

		
			[image: ]
		

		
			
				Note

			

		

		
			
				When writing a function rule for a sequence with negative common ratio, remember to enclose q in parentheses. .
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				Practice 6

				1. Given monotone geometric sequences (bn). Find common ratio of each sequence. 

				a.  b.  c. 
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				2. Fill in the blanks to form a geometric sequence.

				a. 	b. 
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				Given a geometric sequence with  and . Find b1.
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				Solution:

				Let us write the given equations in terms of b1 and q. 

				From equation (1) we get , so .
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				If , using equation (2) 
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				If , using eqution (2)

				. No real roots.

				Therefore, first term of the sequences are 3 and –3.
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				Example 7
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				Practice 7

				Given a non-monotone geometric sequence with  and . Find b1.
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				Activity

			

		

		
			
				Without performing any calculations, match each equation with its graph. Explain your reasoning.
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				Discussion
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				You are given two consecutive terms of a sequence.

				..., –8, 0, ...

				Your classmate says that the sequence is not geometric. A classmate says that it is impossible to know, given only two terms. Who is correct? Explain.
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				CHAPTER 3
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				If we know the common ratio and any term of a geometric sequence, we can find the required term without finding the first term:

				If we know bk and q, to express bn we can write: 

				Making a side-by-side division of (2) by (1), we get

				Hence, .

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				Advanced General Term Formula

			

		

		
			
				Rule

				General term of a geometric sequence (bn) with common ration q is , where (bk) is any term of that sequence.
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				Given a geometric sequence (bn) where  and . Find b12.
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				Solution:

				Let’s use the advanced general term formula ,
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				Example 8
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				Practice 8

				1. Given a geometric sequence (bn) where  and  Find b7.
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				2. Given a geometric sequence (bn) where  and  Find b12.

				
					[image: ]
				

				3. Given a geometric sequence (bn) where  and . Find b163.
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				Note

			

		

		
			
				A negative number taken to an odd power gives a negative result. Because, after cancelling, there will be one minus sign left over.
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				Discussion
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				Togyz Qumalaq

				In the complex Kazakh game "Togyz qumalaq", which vaguely resembles chess, a board with 20 holes is taken: two holes - kazyna - do not participate in the game, but serve to stack pebbles. In each side edge of the board there are 9 holes, much smaller than the kazyna, there are 18 such holes in total. 

				In addition, 162 pebbles are used. Thus, in this game there are numbers: 2, 18, 162.

				Discuss with your classmates:

				- What is the pattern between the terms of the sequence 2, 18, 162?
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				(bn) is a non-monotone geometric sequence with . Which term is ? 
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				Solution:

				Since the sequence is not monotone, the common ratio is negative. By using advanced general formula, at first we find common ratio. So, 

				So, if  the sequence is not monotone. 

				If  is a term, then 
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				Hence, n = 6.

				Therefore, 6 is a natural number,  is the sixth term.
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				Example 9
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				Practice 9

				1. (bn) is a geometric sequence with  and . Find common ratio.
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				2. (bn) is a geometric sequence with  and . Find b10.
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				CHAPTER 3
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				Note

			

		

		
			
				A negative number taken to an even power gives a positive result. Because, the pairs of negatives cancel.
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				Middle Term Formula (Geometric Mean)

			

		

		
			
				Given geometric sequence (bn) with , find .
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				Solution:

				This time we have just one value as data. Since the formulas we have learned up to now depend on more one data value, it is impossible to find b3 or b9. However, we are not asked to find b3 or b9, but to find .

				Let us apply the advanced general term formula, keeping in mind that we just know b6:

				If we multiply (1) by (2), we get 
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				Example 10
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				The solution in the previous example gives us a practical formula. Let (bp) and (bk) be two terms of a geometric sequence such that . Then,
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				If we multiply (1) by (2), we get

				 or , which means that the square of any term x in a geometric sequence is equal to the product of any terms that are at equal distance from x in the sequence.
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				Rule

				In a geometric sequence , where .
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				For example,

				All the following equalities will hold in a geometric sequence.

				 since b4 in the middle of b3 and b5.

				 since b11 in the middle of b1 and b21.
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				Practice 10

				Given geometric sequence (bn) with , find .
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				Note

			

		

		
			
				The geometric mean of two numbers x and y is m if .

				Note that m is the same distance from x as from y, so x, m, y form a finite geometric sequence. 
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				2, a, 32 are three consecutive of a geometric sequence. Find a.

				Solution:

				We take that , , . As you see b2 in the middle of b1 and b3. Then using the middle term formula: 
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				Therefore, a is –8 or 8 if the sequence is geometric.
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				1, ,  are three consecutive of a geometric sequence. Find a.
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				Solution:

				We take that , , and . As you see b2 in the middle of b1 and b3. Then using the middle term formula:
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				Therefore, a is  or  if the sequence is geometric.
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				Example 11

			

		

		
			
				Example 12
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				Practice 11

				1. 1, x, 9 are three consecutive terms of a geometric sequence. Find x.

				2. The sixth and eighth terms of a geometric sequence are  and  respectively. Find the seventh term.
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				Practice 12

				, ,  are three consecutive of a geometric sequence. Find x. 
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						Terminology
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				Geometric mean - геометриялық орта/ среднее геометрическое
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				Activity

			

		

		
			
				Work in pair!

				Suppose two computer companies, Company A and Company B, opened in 2001. The revenues of Company A increased arithmetically through 2010, while the revenues of Company B increased geometrically through 2000. In 2006 the revenue of Company A was 523.7 million tg. In 2006 the revenue of Company B was 65.6 million tg. Answer the following questions: 

				a. The revenues of Company A have a common difference of 55.5. The revenues of Company B have a common ratio of 2. Find a rule for the revenues in the nth year of each company. Let b1 represent 2001.

				b. Use a table to find when the revenue of Company B is greater than the revenue of Company A. Write a brief paragraph explaining which company you would rather own.
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				CHAPTER 3
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				Sum of the First n Terms

			

		

		
			
				Let us consider the geometric sequence with few terms 2, 4, 8, 16, 32.

				The sum of the first term of this sequence is evidently 2. The sum of the first two terms is 6, the sum of the first three terms is 14, and so on. To write this more formally, let us use Sn to denote the sum of the first n terms, i.e. . Now,
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				Given the geometric sequence with general term . Find the sum of the first four terms.

				Solution:

				Let us find the four terms of a geometric sequence by using the given general term. So,

				Since, .
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				Example 13
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				Practice 13

				Given the geometric sequence with general terms

				a. . Find the sum of the first five terms.

				b. . Find the sum of the first six terms.

				c. . Find the sum of the first four seven terms.
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					Theorem 1

				

			

		

		
			
				The partial sum Sn of the first n terms of a geometric sequence  is given by
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				where b1 is the first term and q is the common ratio.
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				How could we find the sum of the first seventy terms i.e. S70 in the previous example? Calculating terms and finding their sums takes time and effort for large sums. As geometric sequences grow very fast, we need a more efficient way of calculating these sums. The following theorem meets our needs:

			

		

		
			
				You can prove a formula for the partial sum of a geometric sequence by subtracting the product of Sn and q from Sn as shown.
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					Proof

				

			

		

		
			
				Given a geometric sequence with , . Find the sum of the first eight terms.
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				Solution:

				Using the sum formula
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				Example 14
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				Practice 14

				Given a geometric sequence with 

				a. . Find S6	 b. . Find S7
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						Terminology
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				Evidently - айқын/ очевидно

			

		

		
			
				Discussion
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				Discuss with your friends!

				1. Sometimes it is useful to write 

				instead of 

				Why are there formulas identical? When might it be more convenient to use the alternative form?

				2. For what value of q do these formulas not hold? What is Sn in this case?
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				CHAPTER 3
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				Given a geometric sequence with the general term . Find S4.

				Solution:

				At firstly, let us find the first two terms of geometric sequence to show the common ratio. Then,

				From (1) and (2) expressıons, as you can see the common ratio of this sequence is . Using the sum formulas’, we will find the sum of first four terms. So, 
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				Example 15
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				Practice 15

				1. The general term of a geometric sequence is . Find the sum of the first five terms.

				2. Find the 4th term of the geometric sequence with the given terms.

				a. 	b. 
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				3. Find the indicated sum for each geometric sequence.

				a. S7 for 	

				b. S8 for 
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				Given a geometric sequence with  and . Find b5.
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				Solution:

				To find the 5th term of the geometric sequence, at first we need to find b1 by using the sum formula. Then,

				Therefore,
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				Example 16
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				Practice 16

				1. Given a geometric sequence with  and . Find b4.
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				2. For each geometric sequence (bn) find the missing value.

				a.  and . Find q.   
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				b. . Find b1.
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				Geometric sequence with  and  Find n.
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				Solution:

				Using the sum formula

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			[image: ]
		

		
			
				Example 17
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				Practice 17

				1. Given a geometric sequence with ,  and . Find p.
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				2. Geometric sequence with ,  and . Find b1.
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				CHAPTER 3
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				Given a geometric sequence with  and , find .
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				Solution:

				Clearly, . However, we are given S3 and S6, so we need to find a way expressing S9 in terms of the given data.
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				Dividing (1) by (3) we get,

				Dividing (2) by (3) we get,

				So, .

				Subtracting (5) from (4) we get,

				, so .
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				Example 18
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				Practice 18

				1. Given a geometric sequence with  and . Find .
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				2. The sum of the first four terms of a geometric sequence is 20 and the sum of the next four terms is 320. Find the sum of the first twelve terms.
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				The following examples we will consider the combined problems where we are simultaneously applying the properties of arithmetic and geometric progressions.

			

		

		
			
				Mıxed Problems

			

		

		
			
				a, b, c, are three terms of an arithmetic sequence with . Find these numbers, if a, b, c + 3 are three consecutive terms of a geometric sequence.

				Solution:

				According to the given, lets draw two tables for arithmetic sequence and for geometric sequence. . 

				
					Arithmetic sequence

				

				
					a

				

				
					b

				

				
					c

				

				
					a

				

				
					a + 3

				

				
					a + 6

				

				
					Geometrıc sequence

				

				
					a

				

				
					b

				

				
					c + 3

				

				
					a

				

				
					a + 3

				

				
					a + 9

				

				Using the middle term formula of a geometric sequence we get,

				Hence, if ,  and .
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				Example 19
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				Practice 19

				1. Given three terms of a geometric sequence. If we twice the second term of this sequence we get arithmetic sequence. Find common ratio of a geometric sequence.

				2. bn is a geometric sequence such that the sum of the first three terms is 91, and three terms  form an arithmetic sequence. Find b1.

				3. The numbers x, y, z form a geometric sequence such that 

				x + y + z = 26. If x + 1, y + 6, z + 3 form an arithmetic sequence. Find x, y, z. 
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				Applied Problems

			

		

		
			
				In this topic, we will learn to solve applied problems with a geometric sequence. We use the following steps to solve the problems:

				1. Create a picture of the applied problem.

				2. Write out the sequence in order to identify the common ratio, q and the first term b1.

				3. Determine which formula would best fit the situation.

			

		

		
			
				In her first year, a math teacher earned 5000 tg. Each successive year, she earned a 10% raise. How much did she earn in his 10th year? 

				Solution:

				Step 1: 

				According to the given teacher first year earn 5000 tg, second 10% more than first year i.e. , third year 10% more than second year i.e.  and so on.
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				Step 2:

				By using step 1 we get a terms of a geometric sequence,

				As we see, the situation can be modeled by a geometric sequence with an initial term of , and teacher will be earn 110% of the prior year, so .
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				Step 3:

				We need to find b10. Then we can use general term formula of a geometric sequence to find b10. Then
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				Example 20
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				"Whenever you tell me that mathematics is just a human invention like the game of chess I would like to believe you. But I keep returning to the same problem. Why does the mathematics we have discovered in the past so often turn out to describe the workings of the Universe?"

				John Barrow
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				Note

			

		

		
			
				If the current level of emission is A and will be 10% greater next year, then the level of emission in the next year is 
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				Practice 20

				A new website got 4000 page views on the first day. During the next 4 days, the number of page views increased by 30% per day. What’s the total amount of page views in the first 5 days?

			

		

		
			
				A ball is dropped from a height of 81 cm. Each time it bounces, it returns to  of its previous height. What is the total distance the ball has traveled in the air when it hits the ground for fifth time?

				Solution:

				Step 1: 

				Choosing  won’t give us the answer that is required. To understand why, let us look at the distance that the ball travels using the diagram opposite. 

				Step 2:

				By diagram, we can see that except the first 81 cm, each length is covered twice. So if we define a geometric sequence which has  as the first term, and common ratio is .
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				Step 3:

				We want to find total distance the ball has traveled in the air when it hits the ground for the fifth time. We can formulize our answer as.
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				Example 21
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				Practice 21

				A tree loses 384 leaves during the first week of fall and as many leaves in each successive week. At the end seven weeks all the leaves have fallen. How many leaves did the tree have at the start of fall?
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				Fact
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				This photo of a ball bouncing was taken with time-lapse photography. The images of the ball get closer together as you move up, which means the ball’s speed is decreasing.
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						Terminology
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				Bounce - секіру/ подпрыгивать

				Fit - сәйкес/ подходить

				Successive - келесі/ 

				последующий

			

		

		
			
				CHAPTER 3
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				PROBLEMS 3.3
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				A

				1. Complete this statement: The constant ratio in a geometric sequence is called the ________ ratio and is denoted by __.

				2. State whether the following sequences are geometric or not.

				a. 	

				b. 

				c. 

				3. Find the common ratio of the geometric sequence.

				a.  

				b. 

				c. 

				d. 

				e. 

				f. 

				4. Find the general term of the geometric sequence with the given qualities.

				a. 	b. 
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				c. 	d. 

				
					[image: ]
				

				e. 	f. 
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				5. Write the next five terms of the geometric sequence.

				a. First term: 0.8; Commom difference: –5

				b. First term: 1; Commom difference: 2

				c. First term: –4; Commom difference: 4

				d. First term: 25; Commom difference: –5

				6. Write a rule for the nth term of the geometric sequence.

				a. 	b. 
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				c. 	d. 

				
					[image: ]
				

				e.  f. 
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				7. Fill in the blanks to form a geometric sequence.

				a. 

				b. 

				8. Write the first four terms of the non-monotone geoemetric sequence that is formed by inserting nine terms between –3 and –729.

				9. Find the geometric mean of each pair of numbers.

				a. 6 and 	b. 2 and 32

				c. 12 and 192

				10. Find the sum of the first n terms of the geometric sequences.

				a. 
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				b. 

				c. 

				d. 

				11. Find n for the given sum Sn.

				a. 

				b. 

				c. 

				B

				12. Find the 8th term of the geometric sequence with the given terms.

				a. 

				b. 

				c. 

				13. You have 2 biological parents, 4 biological grandparents, and 8 biological great grandparents. How many direct ancestors do you have in the 6 generations before you? 12 generations?

				14. Find the general term of the geometric sequence with  and .
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				15. In a geometric sequence , , and . Find n.
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				16. In a geometric sequence common ratio is 3 and the sum of first six terms is 1820. Find the first and sixth terms of this sequence.

				17. By putting four numbers between 243 and 1 we form a geometric sequence. Find the common ratio of this sequence.

				18. The thirteenth and seventeenth terms of a geometric sequence are  and 48 respectively. Find the product of the fourteenth and sixteenth terms.

				19. For each geometric sequence find the missing value.

				a. 

				b. 

				c. 

				d. 

				20. The general term of a geometric sequence is . Find .
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				21. The general term of a geometric sequence is . Find the formula for .
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				22. Three positive numbers form a geometric sequence. First number is given as 4. If we add 8 to second number it will form an arithmetic sequence. Find common ratio of geometric sequence.3

				23. Three numbers form a geometric sequence. If we add 2 to second number it will be an arithmetic sequence. After that if we add 9 to third number it will be a geometric sequence again. Find these numbers.

				24. A badminton tournament begins with 128 teams. After the first round, 64 teams remain. After the second round, 32 teams remain. How many teams remain after the third, fourth, and fifth rounds?

				25. A truck transport's 800 kg of vegetables to the market on Monday. From Monday to Sunday, the amount of vegetables the truck transport increased by 20% per day. What’s the total amount of vegetables the truck transport in a week? Round your answer to the nearest whole number.

				26. The population of a town is 2400 in 2007. From 2007 to 2010, the population of the town increased by 5% per year. What’s the population of the town in 2010? Round your answer to the nearest whole number.

			

		

		
			
				C

				27. Given a geometric sequence with  and . Find .
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				28. The sum of the first two terms of a monotone geometric sequence is 15. The first term exceeds the common ratio by . Find the fourth term of this sequence.

				29. Given a non-monotone geometric sequence with  and . Find .
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				30. Can the numbers 10, 11, 12 be terms (not necessarily consecutive) of a geometric sequence?

				31. Find the common ratio of a geometric sequence if .

				32. The sum of the first four terms of a geometric sequence is 20 and the sum of the next four terms is 320. Find the sum of the first twelve terms.

				33. Which term we get, if we divide the multiplication of first 12 terms by 11th power of its first term. 
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				34. All terms of a geometric sequence are positive. The multiplication of third and seventh terms is 25. Find .

				35. Common ratio of a geometric sequence is 2. Sum of first 7 terms is 635. Find the first term.

				36. The ratio of the sum of first 9 terms of a geometric sequence to sum of next 9 terms is 512. Find common ratio.

				37. A chain letter is sent to five people. Each of the five people mails the letter to five other people. What is the total number of people who have received the letter after four mailings?

				38. You want to paint the wood around four windows in your house. You think that you can paint each window in 90% of the time it took to paint the previous window. If it takes you thirty minutes to paint the first window, how long will it take to paint all four windows?

				39. There is a radioactive substance weighing 256 g, the weight of which is halved per day. What will be the mass of the substance on the third day, on the thirtieth day?
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				infiniter geometric sequence. solving written problems

			

		

		
			
					

			

		

		
			
				You will:
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				- apply the formula of finding the sum of terms of an infinite geometric sequence in converting an infinite periodic decimal to a fraction;

				- apply the formula of finding sum of terms of an infinite geometric sequence in solving written problems.

			

		

		
			
				Consider the following infinite geometric series:

				Even though the sequence has infinitely many terms, it has a finite sum! To see this, compute and graph the sum of the first n terms for several values of n.

				Notice that Sn appears to be approaching 1 as n increases. To see why this makes sense, consider rule for Sn:

				As n increase,  gets closer and closer to 0, which means that gets Sn closer and closer to 1. The same is true for qn provided q is between –1 and 1. Hence, the formula for the sum of a finite geometric sequence, , approaches the theorem 2 below as n increases.
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				infinite sum formula
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				In the figure  is approaching 1. 	
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				Find the infinite sum of each geometric sequence.

				a. 	b.  
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				c.  d.   
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				Solution:

				a. Here  and . Using the infinite sum formula,
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				b. Here  and . Since, given infinite geometric sequence is non-monotone. Using the infinite sum formula,
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				c. Here . Therefore, there is no infinite sum. Because by theorem .
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				d. Given a general term of a geometric sequence. At first we will find first two terms of a sequence.
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				Example 1
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					Theorem 2

				

			

		

		
			
				The infinite sum of a geometric sequence bn with common ratio  is denoted by S, and is given by the formula 
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				Note

			

		

		
			
				If   then the geometric sequence has no infinite sum.
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				For the series described above, the sum is , as expected.
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				Discussion
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				Aygerim’s mom told her to clean her room on Saturday morning.

				“But, MOM! It’s going to take forever!” said Aygerim.

				“Oh, don’t be overly dramatic,” said mom.

				“I am NOT being dramatic!” Aygerim said.

				“If I start right now, it is going to take me at LEAST an hour to clean this half alone, then it will take another half hour to clean half of the rest, and 15 mins to clean half of THAT rest... since I will always have half left, I will never be done!”

				If she keeps cleaning half of the remaining area, how will she ever finish the room?

				
					[image: ]
				

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				
					[image: ]
				

				
					[image: ]
				

				
					
						Terminology
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				Approaching - жақындайды/ приближается

				Infinite geometric sequence - шексіз геометриялық прогрессия/ бесконечная геометрическая прогрессия

			

		

		
			
				CHAPTER 3
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				Therefore, here  and . Then, 
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				Practice 1

				Find the infinite sum of each geometric sequence.

				a. 		b. 
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				c. 	d. 
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				For each geometric sequence  (bn) find the missing value.

				a. 	b. 
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				Solution:

				a. Using the infinite sum formula, 

				b. We can find the first terms of a geometric terms by using the infinite sum formula,
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				Example 2
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				Practice 2

				For each geometric sequence (bn) find the missing value.

				a. 	b. 
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				Write the number  as a fraction.

				Solution:

				Let us try to see the geometric sequence in this question.

				Now we can see that each term of this sum is a term of the geometric sequence with  and we are looking for the infinite sum, that is S.

				Using the infinite sum formula,
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				Example 3
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				Practice 3

				Write the each number as a fraction.

				a. 	b. 	c. 
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				Repeating Decimals

			

		

		
			
				When we use a calculator, at the end of division we often have rational numbers with repeating decimals, i.e. decimals with a repeating sequence of one or more digits in the fraction part. We can use our knowledge of the infinite sum of a geometric sequence to write repeating decimals as fractions.

			

		

		
			[image: ]
		

		
			
				Note

			

		

		
			
				We can write a repeating decimal such as  as  or .
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				Write the number  as a fraction.

				Solution:

				We cannot express this number as the infinite sum of a geometric sequence. This number should be written so that the nonrepeating part is not included inside the sequence.
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				Example 4
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						Terminology
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				Repeating decimal - шексіз периодты ондық бөлшек/ бесконечная периодическая десятичная дробь

			

		

		
			
				CHAPTER 3
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				Hence,  and . So,
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				Practice 4

				Write each repeating decimal as fraction.

				a. 	b. 	c. 
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				A ball is dropped from a height of 100 cm. Each time the ball bounces, it loses 20% of the height from the previous height. Find the total distance the ball travels vertically before it comes to rest on the ground. 
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				Example 5
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				Solution:

				Let us look at the distance that the ball travels using the diagram opposite. We can see that except the first 100 cm, each length is covered twice. And we define a geometric sequence which has  as the first term. But we are not looking for a finite sum. Since we are sure that the ball will stop, the required distance, say S, can be expressed as follows: 
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				So the ball will travel 900 cm before coming to rest.
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				Practice 5

				A ball is dropped from a height of 50 cm. Each time it bounces, it returns to  of its previous height. How far will the ball travel in the air before coming to rest?
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				In the figure the largest square has sides of length 10 cm. Each subsequent square connects the midpoints of the sides of the previous square. The process continues infinitely. Find the difference between the total perimeter of all the squares and the total area of all the squares, as a numerical value.

				Solution:

				Let us look at a diagram, where shows the sides of the square and the new square where we connect the midpoint of the sides of the previous square. Note that, the sides of new squares we find by using Pythagorean theorem.

				At firstly, let us find the total perimeters of all the squares. 

				As we see, the perimeter of the first square is 40 cm, the perimeter of the second square is  cm and so on. Hence, the terms of the geometric sequence with the perimeters of the infinitely squares.

				, where  and .
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				So,

				And lets us find the total area of all the squares. Geometric sequence with the areas of squares from figure on the above,

				, where  and . So,
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				Therefore, the difference between the total perimeter of all the squares and the total area of all the squares is 
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				Example 6
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				Practice 6

				In the figure the largest semicircle has radius 4 cm. A semicircle is drawn inside this semicircle with the same center but half the radius. If this process is repeated without end, what is the total area of all the semicircles?

			

		

		
			
				CHAPTER 3
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				PROBLEMS 3.4
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				A

				1. Complete this statement: A(n) _____ geometric sequence has infinitely many terms.

				2. What two things do you need to know to find the sum of an infinite geometric sequence?

				3. For each geometric sequence (bn) find the missing value.

				a. 	

				b. 

				c. 

				4. Find the infinite sums.

				a. 	

				b. 

				c. 

				d. 

				5. Find the common ratio of the infinite geometric sequence with the given sum and first term.

				a.  and 
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				b.  and 
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				c.  and 
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				6. Write the repeating decimal as a fraction.

				a. 0.555...

				b. 0.1212...

				c. 245.245245...

				7. A ball is dropped from a height of 5 m. Each time it hits the ground, it bounces one half of its previous height.

				a. Find the total distance traveled by the ball.

				b. On which bounce will the ball have traveled 75% of its total distance?

				B

				8. Find 

				9. bn is a geometric sequence with infinite sum 243 and . Write the first four terms of this sequence.

				10. Write each repeating decimal as fraction. 

				a. 	b. 
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				c. 	d. 
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				11. Find two different infinite geometric series whose sum is 3.
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				12. A ball is thrown 12 meters in the air (so that the initial up-and-down distance is 24

				meters). The ball rebounds 95% of the distance it falls. What is the total vertical distance traveled by the ball before it stops bouncing?

				C

				13. (bn) is a geometric sequence with infinite sum, 3 and . Find b1 and q.

				14. Solve .

				15. Solve  if .
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				16. A square has sides of length 1 m. A man marks the midpoints on each side of the square and joins them to create a second square inside the first square. He then repeats the process to create a third square inside the second, and so on. If a man never stops, find

				a. the sum of the squares’ perimeters.

				b. the sum of the areas of all the squares.

				17. The bob of a pendulum swings through an arc 30 cm long on its first swing. Each successive swing is  of the length of the preceding one. Find the total distance that the bob travels before it stops.
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				Number Sequence

				Sequence is a list of numbers arranged according to a specific rule. Each number in the sequence is called a term.

				Monotone and Piecewise Sequences

				If each term of a sequence is greater than the previous term, then the sequence is called an increasing sequence. Symbolically,  is an increasing sequence if .
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				If each term of a sequence is less than the previous term, then that sequence is called a decreasing sequence. Symbolically  is a decreasing sequence if . 
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				In general any increasing or decreasing sequence is called a monotone sequence.

				Recursively Defined Sequence

				Sometimes the terms in a sequence may depend on the other terms. Such a sequence is called a recursively defined sequence.

				Artithmetic Sequence

				Let an be the nth term of an arithmetic sequence with first term a1 and common difference d is given by:

				This called the general term formula.

				Advanced General Term Formula

				The general term of an arithmetic sequence (an) with common difference d is

				where ap is any term of the sequnce.
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				Arithmetic mean

				In an arithmetic sequence,

				where .

				Sum of the First n Terms

				The sum of the first n terms of an arithmetic sequence (an) is 

				GEOMETRIC SEQUENCE

				If a sequence (bn) has the same ratio q between its consecutive terms, then it is called a geometric sequence. 

				In other words, bn is geometric if  such that . q is called the common ratio of the sequence.
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				 General Term Formula

				General term of a geometric sequence bn with common ratio q is .

				Advanced General Term Formula

				General term of a geometric sequence bn with common ration q is , where bk is any term of that sequence.

				Geometrice Mean

				In a geometric sequence , where .
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				Sum of the First n Terms

				The partial sum Sn of the first n terms of a geometric sequence  is given by
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				where b1 is the first term and q is the common ratio.
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				TRIGONOMETRY

			

		

		
			
				4.1 DEGREE AND RADIAN MEASURE OF AN ANGLE AND AN ARC

				4.2 Arithmetic Sequence

				4.3 Geometric Sequence

				4.4 Infinite Geometric Sequence. Solving Written Problems

			

		

		
			[image: ]
		

		
			
				Chapter 4
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				DEGREE AND RADIAN MEASURE OF AN ANGLE AND AN ARC
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				You will:
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				- learn the concept of radian measure of angle;

				- convert degrees into radians and radians into degrees;

				- mark number on a unit circle.

			

		

		
			
				From 8th grade geometry, we know the relationship between angles and sides of a right triangle. We know that the circumference C of a circle can be calculated using the formula .
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					Definition

				

			

		

		
			
				Let  be an arc of a circle with radius r such that the arc length of  is also r. Then the measure of the central angle corresponding to  is called 1 radian. It is denoted by 1 rad or .
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				The radian measure gives us an easy correspondence between the length of an arc, the radius r of its circle and the measure of the central angle corresponding to the arc. If the arc length is r, the angle measure is 1 radian. If the arc length is m, the angle measure is  radians. In the figure opposite,  and arc length , so  and  (see Figure 4.1.1)
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				Radian
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				Note

			

		

		
			
				On a unit circle, the measure of an angle in radians is equal to the length of the corresponding arc.

				arc length  units.
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				In Figure 4.1.2, given circle. Point O is the center of this circle and BO = 3 cm. If arc corresponding to central angle is , then find central angle in radian.

				Solution:

				Let's use the formula . Then,
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				Example 1
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				Practice 1

				The radius of circle is 9 cm and points A and B lies on this circle. The length of major arc is , so find the angle in radians that corresponding to the minor arc .
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				CHAPTER 4
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						Terminology
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				Chainring - шынжыр жұлдызшасы/ звездочка

				Circumference - шеңбер ұзындығы/ длина окружности

				Cog - тісті дөңгелек/зубчатое колесо, шестерня

				Radian - радиан

				Rotation - айналу/ вращение

				Wheel - дөңгелек/ колесо

			

		

		
			
				In Figure 4.1.3, the radius of the chainring is 10 cm and the radius of the cog is 5 cm. If the radius of the wheels is 25 cm, calculate how many meters the cyclist will travel when the chainring makes 10 full rotations.

				Solution:

				When the chainring makes a complete rotation, it covers an arc length of  cm. When it makes 10 full rotations, it covers an arc length of  cm. Since the cog rotates through the same arc length as the chainring, the arc length covered by the cog when the chainring rotates 10 times is also  cm.
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				Example 2
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				When central angle corresponding to arc  units and radius r of the circle makes the complete rotation, the circumference is , so .
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				Practice 2

				1. Two circles are connected with a string, as shown in the Figure 4.1.4. When the small circle makes one full rotation, how many radians will the big circle rotate?

				2. The first wheel has six barbs and rotates in a counterclockwise direction, the second wheel has eight barbs, and the third wheel has 12 barbs (see Figure 4.1.5). When the small wheel makes one full rotation, determine how many radians the biggest wheel will rotate and in which direction.

			

		

		
			
				Converting units of angle measure

			

		

		
			
				We have measured angles in degrees. We can also measure angles in radians.

			

		

		
			
				[image: ]
			

			
				
					Definition

				

			

		

		
			
				The measure of an angle is determined by the amount of rotation from the initial side to the finite side. We have seen that the complete angle of a circle measures . We can use the formula  to relate degree and radian measurements, where D and R represent the degree and radian measurements respectively.

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			[image: ]
		

		
			
				We can set up the equation  to find the number of times the cog rotates, denoted by n:
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				Therefore, the cog rotates 20 times. Since the center of the cog and the wheel is the same, the wheel also rotates 20 times. The circumference of the wheel is  cm, which simplifies to  cm or approximately 31.4 m.
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				So, the cyclist will travel approximately 31.4 meters when the chainring makes 10 full rotations.
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				CHAPTER 4
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						Terminology
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				Barb - тісше/ зубец

				Converting - түрлендіру/ преобразование

				String - жіп/ веревка

			

		

		
			
				This formula  gives us the following relations between common angle measures (see Table 4.1.1):
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				The rad unit exponential R notation is often omitted when we write an angle measure in radians. If no unit is specified for an angle measure, this means that the measure is in radians. 

				For example, 

				The statement  means that the angle  measures  radians, not  degrees. From now on in this module, if we do not give a unit for an angle measure then the measure is radians.
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					Table 4.1.1
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				Practice 3

				1. Convert the measures to radians.

				a. 225°	b. 315°	c. 40°	d. 75°

				2. Convert the measures to degrees.

				a. 	b. 	c. 	d. 
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				Convert the angle measures.

				a. 150° to radians	b. 120° to radians	c.  to degrees	

				Solution:

				a. For  the formula gives us
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				b. For  the formula gives us
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				c. For  we have
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				Example 3

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

	
		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				137

			

		

		
			[image: ]
		

		
			[image: ]
		

		
			
				To mark points on unit circle we use and right triangles, as shown in the figure below:

				
					2nd Quadrant 

				

				
					1st Quadrant

				

				
					
						[image: ]
					

				

				
					
						[image: ]
					

				

				
					
						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

					

				

				
					
						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

					

				

				
					
						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

					

				

				
					
						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

					

				

				
					 

					
						[image: ]
					

				

				
					
						[image: ]
					

				

				
					3nd Quadrant 

				

				
					4st Quadrant

				

			

		

		
			
				Mark number on a unit circle

			

		

		
			
				CHAPTER 4
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				Unit circle - бірлік шеңбері/ единичная окружность
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				Determine in which quadrants angles below.

				a. 98°	b. 244°	

				c. 165°	d. 

				Solution:

				a. 1st way:  so this angle goes over from 1st 
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				Example 4

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				Let’s draw the graph of the four quadrants in one common diagram (see Figure 4.1.6). So,

				And in the diagram above (see Figure 4.1.6), marked points are the most used angles in trigonometry given in degree and radian units.
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				Practice 4

				Determine in which quadrants angles below.

				a. 	b. 335°	

				c. 181°	d. 
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				CHAPTER 4
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				quadrant to 2nd quadrant.

				2nd way: angle 98° is between the segments , it is 2nd quadrant.

				b. Angle 244° is between the segments , it is 3rd  quadrant.

				c. Angle 165° is between the segments , it is 2rd quadrant.

				d. Angle , so this angle goes over from 4th quadrant to 1st quadrant.
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				PROBLEMS 4.1
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				A

				1. Match the measure of angles degrees with radians.

				
					Degree

				

				
					Radian
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				2. Convert the angle measure radian to degree. 

				a. 	b. 
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				c. 	d. 
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				e. 	f. 
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				3. Convert the angle measure dehree to radian.

				a. 10°	b. 25° c. 270°

				d. 312°	e. 69° f. 732°
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				B

				4. Determine in which quadrant angles below.

				a. 32°	b. 

				c. 1 radian	d. 

				e. 3.1 radian	f. 3 radian

				g. 5 radian	h. 

				i. 936°	j. 3.25 radian

				5. Determine in which quadrant angle .

				a. 

				b. 

				c. 

				d. 

				e. 

				f. 

				g. 

				h. 

				6. Complete the table with angle measures.
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					2

				

				
					6.28

				

				
					Deg
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					210°
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				C

				7. If a wheel has 45 barbs, what is the measure of the angle in radians when the wheel rotates 20 barbs in a counterclockwise direction? 

				8. If a wheel has 56 barbs, what is the measure of the angle in degrees when the wheel rotates 21 barbs in a counterclockwise direction?

				9. Find the measure of the angle in degrees of the minute hand of a clock and determine how many degrees it turns after 40 minutes.

				10. Find the measure of the angle in radians of the minute hand of a clock and determine how many radians it turns after 1 hour and 10 minutes.

				11. Find the measure of the angle in radians of the clock hand of a clock and determine how many radians it turns after 30 minutes.

				12. Find the measure of the angle in degrees of the clock hand of a clock and determine how many degrees it turns after 2 hours and 20 minutes.

			

		

		
			
				13. In the figure below, a circle with radius R is divided into seven parts. Six of them are equal and have the same radius as the circle. Find the length of the minor arc  in terms of R. 
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				4.2

			

		

		
			
				SINE, COSINE, TANGENT AND COTANGENT OF AN ANGLE

			

		

		
			
					

			

		

		
			
				You will:
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				- know the definition of trigonometric functions;

				- know the relation between coordinates of a point on a unit circle and trigonometric functions.

			

		

		
			
				trigonometric functions

			

		

		
			
				From 8th grade geometry, we know that trigonometric ratios describe the relationship between the sides and angles of a right triangle. However, we can calculate trigonometric ratios for any angle. In this section, we will extend our knowledge of trigonometric ratios to cover all angles. 

				Trigonometric functions are elementary functions, the argument of which is an angle. From geometry, we know that two rays form an angle. The rays meet at a point called a vertex (Figure 4.2.1).

				In trigonometry, angles are placed on coordinate axes. The vertex is always placed at the origin, and one ray is always placed on the positive x-axis. This ray is called the initial side of the angle. The other ray is called the terminal side of the angle. This positioning of an angle is called the standard position. Two angles in standard position are shown below (see Figures 4.2.2(a)-(b)).
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				When we draw any angles in a standard position, it has a direction. Notice that there are little curved arrows in the above drawing. 

				The one on the left goes counterclockwise and is defined to be a positive angle (see Figure 4.2.2(a)). 

				The one on the right goes clockwise and is defined to be a negative angle (see Figure 4.2.2(b)).

				If we draw an angle in a standard position, it has a direction. Notice that there are little curved arrows in the above drawing. The one on the left goes counterclockwise 
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				History

			

		

		
			[image: ]
		

		
			
				Trigonometry was first used for cartography, astronomy, surveying, and navigation. The Egyptians used properties of similar triangles to help with land surveying and the construction of pyramids. The Babylonians also used trigonometry in their studies of astronomy and for the calculation of arcs of circles.
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				To calculate the values of trigonometric functions for an angle  in standard position, you have to calculate the distance between the point A(x, y) on the terminal side of the angle and the origin (see Figure 4.2.4). The distance d from point A to the origin you can find by formula
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				Practice 1

				1. Sketch the angle of measure 220° in standard position.

				2. Sketch the angle of measure –70° in standard position.

			

		

		
			
				CHAPTER 4
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						Terminology
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				Curved arrow - қисық көрсеткіш/ изогнутая стрелка

				Initial side - бастапқы жағы/ начальная сторона

				Terminal side - соңғы жағы/ конечная сторона

				Trigonometric function - тригонометриялық функция/ тригонометрическая функция
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					Definition

				

			

		

		
			
				The trigonometric functions are also called circular functions since they can be defined on the unit circle. The trigonometric functions include the following 4 functions:
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				Sketch the angle of measure 120° in standard position.

				Solution: 

				Since , we see that the angle we want is obtuse, and we sketch it as follows (Figure 4.2.3), where the terminal side is reached from the initial side by a rotation of 120° in the positive (counterclockwise) direction:
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				Example 1
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				and is determined to be a positive angle. The one on the right goes clockwise and is defined to be a negative angle (see Figures 4.2.2(a)-(b)).
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				In the figure above for right triangle ABO hypotenuse OA = d. Now we can calculate the trigonometric functions:
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					Cosine

				

				
					Tangent

				

				
					Cotangent
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				The sign of trigonometric functions depends of the sign of x and y, because d is a distance. Its value is always positive.

			

		

		
			
				
					1st Quadrant

				

				
					2st Quadrant

				

				
					3rd Quadrant

				

				
					4th Quadrant
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				B(–4, –3) is a point on the terminal side of  in standard position (Figure 4.2.5). Find the exact value of sin, cos and tan functions for .
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				Solution: 

				Plot point B, and use it to sketch a right triangle and angle  in standard position. And then find the value of d.
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				Example 2
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				Note

			

		

		
			
				Soh Cah Toa

				These 9 letters are a memory aid to remember the ratios for the three primary functions – sin, cos and tan.
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				CHAPTER 4
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				Fact

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				A polar coordinate system is a two-dimensional coordinate system in which a distance from a reference point and an angle from a reference direction determine each point on a plane.

				For example:
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				As you see in the graph above the number of petals of the polar flower depends on n.

				
					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

						
							[image: ]
						

					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

				
					[image: ]
				

			

		

		
			
				In the Figure 4.2.6(a), D is a point on the terminal side of 300° in standard position. Find the coordinates of the point D if OD = 8.

				Solution: 

				Draw a height from point D to the x-axis, and we get 30˚, 60˚, 90˚ right triangle and coordinates of point D(x, y). From right triangle DHO as shown in the Figure 4.2.6(b), OH = x and HD = y. Then we use the property of a special right triangle to find the length of OH and HD. 

				Therefore, the coordinates of the point D is .
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				Example 3
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				So, we can find the value of sin, cos and tan functions for .

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				Practice 2

				P is a point on the terminal side of  in standard position. Find the exact value of the four trigonometric functions for .
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				a. P(–2, 1) b. P(1, 3) c. P(5, –5) d. P(–6, –2)  e. 
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				Discussion
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				In the figure given quarter of unit circle, can you find all segments in the figure, if  is given?
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				Practice 3

				In the Figure 4.2.7, A is a point on the terminal side of 315° in standard position. Find the coordinates of point A if OA = 12.

			

		

		
			
				Perhaps some of you already know what the sine of some angle is equal to, or you can find it in the table. But where did these meanings come from? Or were they just invented? To find the relation between coordinates of a point on a unit circle and trigonometric functions, we will combine two familiar objects: a trigonometric circle and a right triangle. His hypotenuse will be exactly equal to one. We combine them as follows (see Figure 4.2.8(a)):

				Then by the definition of sine and cosine:

				Let point B have coordinates B(x, y). Then the length of the segment OA is equal to x, and the length of the segment AB is equal to y. But before we got that  and  (see Figure 4.2.8(b)), then 
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				Relation Between Coordinates of a Point on a Unit Circle and Trigonometric Functions
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				Practice 4

				Find a sine, cosine of 120 degrees yourself. Using coordinates of a point on a unit circle.
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				Find a sine, cosine of 225 degrees yourself. Using coordinates of a point on a unit circle.

				Solution: 

				Use the properties of the special triangle (45° – 45° – 90°) to find the lengths of the legs.
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				Example 4
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				CHAPTER 4

			

		

		
			
				Suppose we want to find a sine, a cosine of 30 degrees. Then using the properties of the special triangle (30°-60°-90°) we can find the remaining two sides.

				The diagram (Figure 4.2.9) shows the equivalent degree and radian measures of unique angles, and the corresponding x- and y-coordinates of points on the unit circle.
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				PROBLEMS 4.2
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				A

				1. Draw an angle with the given measure in standard position.

				a. – 125°	b. 245°; c. – 570°

				d. 650°	e. 310°	f. – 1020°

				2. Find the measures of a positive angle and a negative angle that are coterminal with each given angle.

				a. 354°	b. 1200°; c. – 175°

				d. – 450°	e. 610°	f. 1020°

				3. P is a point on the terminal side of β in standard position. Find the exact value of

				the four trigonometric functions for β.

				a. 	b. 
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				c. 	d. 

				
					[image: ]
				

				4. Explain how the tangent of an angle in standard position is related to the slope of the terminal side of the angle.

				5. Determine the sign of trigonometric functions according to quadrants.

				
					Functions

				

				
					Quadrants

				

				
					Sign
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				6. According to unit circle in the figure fill the blanks.

				a. m = …

				b. n = …

				c. p = ...

				d. 

				e. 

				f. s = ...

				B

				7. Determine the sign of trigonometric functions if . 

				a. 

				b. 

				c. 

				8. Determine the sign of trigonometric functions if .

				a. 
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				b. 

				9. Determine the sign of trigonometric functions if .

				a. 	b. 

				
					[image: ]
				

				10. In which quadrant(s) functions have same sign.

				a. 

				b. 

				c. 

				d. 

				e. 

				C

				11. According to given inequalities, determine on which quadrant(s) angle α.

				a. 

				b. 

				c. 

				d. 

				12. For each trigonometric ratio in the given quadrant, find the other trigonometric ratio for α.

				a. 

				b. 
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				c. 

				d. 

				13. Find the value , if  and .
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				14. Find the value , if  and .
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				15. Find the value , if  and .
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				16. Determine the sign of trigonometric functions if , .
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				a. 	b. 
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				17. Determine the sign of trigonometric functions if , .
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				TRIGONOMETRIC FUNCTIONS AND ITS PROPERTIES

			

		

		
			
					

			

		

		
			
				You will:
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				- find domain and range of trigonometric functions using unit circle;

				- explain characteristics

				of trigonometric functions

				such as even (odd),

				periodic, monotone and

				intervals of constancy

				using unit circle.

			

		

		
			
				The sine function
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					Definition

				

			

		

		
			
				Let [OC] be the terminal side of an angle  in standard position such that C lies on the unit circle. Then the ordinate (y-coordinate) of point C on the unit circle is called the sine of angle . It is denoted by . The function which matches a real number  to the real number  is called the sine function.
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				In the table below, it shows how the value of  changes as the point C moves around the unit circle.
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				Since the sine value of  is the ordinate of the point C, the y-axis can also be called the sine axis. As we can see in the Figure 4.3.1:
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				If  then ;
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					1st Quadrant

				

				
					2st Quadrant

				

				
					3rd Quadrant

				

				
					4th Quadrant
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				CHAPTER 4
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						Terminology
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				Domain - анықталу облысы/ область определения 

				Range - мәндер облысы/ область значения

			

		

		
			
				If  then ;
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				If  then ;
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				If  then ;

				
					[image: ]
				

				Since  is the ordinate of the point C, we can also easily observe how it increases and decreases as C moves around the circle.
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				Let [OC] be the terminal side of an angle  in standard position such that C lies on the unit circle. The ordinate of the point C is . When the line OC makes full rotation, the new angle is . In the Figure 4.3.2, it is shown that angles  and  are at the same point, so . Similary, when OC rotates two times, three times, and so on, the respective angles are ,  and so on.
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				In conclusion, we can say that for .

				1. The domain of sine function is .

				2. The range of sine function for all values of x function takes values between –1 and 1, in other words .

				3. As x increases, the sine function increases in the first and fourth quadrants and decreases in the second and third quadrants.

				4. The sine function is positive in the first and second quadrants and negative in the third and fourth quadrants.
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				Periods of Function
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				Note

			

		

		
			
				A function is called periodic function if  for any nonzero constant T.

				
					[image: ]
				

			

		

		
			
				[image: ]
			

			
				[image: ]
			

		

		
			[image: ]
		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

	
		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				152

			

		

		
			[image: ]
		

		
			[image: ]
		

		
			[image: ]
		

		
			[image: ]
		

		
			
				Practice 1

				Simplify the expression:

				a.  

				b.  

				c.  

				d.  
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				Simplify the expression:

				Solution:
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				Find the range of function: .

				Solution:

				Start with the range of the basic sine function and write

				Multiply all terms of the above inequality by 2

				Add 1 to all terms of the above inequality

				So the range of function is .
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				Example 1

			

		

		
			
				Example 2
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				The cosine function

			

		

		
			
				Practice 2

				Find the range of function:

				a. 	b.  
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				CHAPTER 4
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					Definition

				

			

		

		
			
				Let [OC] be the terminal side of an angle  in a standard position such that C lies on the unit circle. Then the abscissa (x-coordinate) of point C on the unit circle is called the cosine of angle . It is denoted by . The function which matches a real number  to the real number  is called the cosine function.
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				In the table below, it shows how the value of  changes as the point C moves around the unit circle.
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					1st Quadrant

				

				
					2st Quadrant
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				Since the cosine value of  is the abscissa of the point C, the x-axis can also be called the sine axis.

				As we can see in the Figure 4.3.3:
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				If  then ;
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				If  then ;
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				Since  is the abscissa of the point C, we can also easily observe how it increases and decreases as C moves round the circle.
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				Let [OC] be the terminal side of an angle  in standard position such that C lies on the unit circle. The abscissa of the point C is . When the line OC makes a full rotation, the new angle is . In the Figure 4.3.4, it is shown that angles  and  are at the same point, so . Similarly, when OC rotates two times, three times, and so on, the respective angles are ,  and so on.
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				In conclusion, we can say that for .

				1. The domain of cosine function is .

				2. The range of cosine function for all values of x function takes values between –1 and 1, in other words .

				3. As x increases, the cosine function decreases in the first and second quadrants and increases in the third and fourth quadrants.

				4. The cosine function is positive in the first and fourth quadrants and negative in the second and third quadrants.
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				Periods of Function
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				Practice 4

				Find the range of function:

				a.  b.  
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				CHAPTER 4
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				Practice 3

				Simplify the expression:

				a.  

				b.  

				c. 
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				Simplify the expression:

				Solution:
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				Find the range of function: .

				Solution:

				Start with the range of the basic cosine function and write

				Add 1 to all terms of the above inequality

				Multiply all terms of the above inequality by 3

				So the range of function is .
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				Example 3

			

		

		
			
				Example 4
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				The tangent function
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					Definition

				

			

		

		
			
				Let [OC] be the terminal side of an angle  as shown in the Figure 4.3.5 such that point C lies on the line . Then the ordinate (y-coordinate) of point C on the line  is called the tangent of angle . It is denoted by . The function which matches a real number  to the real number  is called the tangent function.
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				In the table below shows how the value of  changes as  moves round the circle. Notice that we extend the terminal side of the angle in the second and third quadrants to find its intersection with the tangent line .
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					1st Quadrant

				

				
					2st Quadrant

				

				
					3rd Quadrant

				

				
					4th Quadrant
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				Since the tangent value of  is the ordinate of the point C(1, y), the line x = 1 can also be called the tangent axis.

				As we can see in the Figure 4.3.6:

				If  then ;
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				If  then ;

				
					[image: ]
				

				Remember that  is an increasing function in every quadrant.
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				Fact
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				Builds ramps that provide barrier-free entry and exit for people with disabilities using the tangent function. As a general rule, the ratio of the height of the ramp to the length should be 1:20 m, in special cases 1:12 in narrow places, the width of the ramp should not be less than 1.2 m.
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				CHAPTER 4

			

		

		
			
				Let [OC] be the terminal side of an angle  in standard position such that C lies on the line . The ordinate of the point C is ,  is straight line,  and  are vertical angles, so . Equality gives us . In the Figure 4.3.7 shown that angle  and  at same distance from x-axis, so .
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				In conclusion, we can say that for .

				1. The domain of tangent function is  and , as you seen in Figure 4.3.6 tangent axis is parallel to y-axis, therefore tangent axis is never intersects with  and , in other words .
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				2. The range of tangent function for  function takes values all real numbers, in other words .
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				3. As x increases, the tangent function increasing function in every quadrant.

				4. The tangent function is positive in the first and third quadrants and negative in the second and fourth quadrants.
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				Periods of Function
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				Note

			

		

		
			
				The tangent function is positive in the first and third quadrants and negative in the second and fourth quadrants.
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				Simplify the expression:
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				The cotangent function

			

		

		
			
				Practice 5

				Simplify the expression:
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				Solution:
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				Practice 6

				Find the domain of function:

				a.  b.  
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				Find the domain of function in degrees: .

				Solution:

				The domain of tanx does not exist at , for n is an integer. So, 

				
					[image: ]
				

				So, the domain of function is .

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			[image: ]
		

		
			
				Example 6

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				[image: ]
			

			
				
					Definition

				

			

		

		
			
				Let [OC] be the terminal side of an angle  as shown in the Figure 4.3.8 such that point C lies on the line . Then the abscissa (x-coordinate) of point C on the line  is called the 
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				CHAPTER 4
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				cotangent of angle . It is denoted by . The function which matches a real number  to the real number  is called the cotangent function.
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				In the table below shows how the value of  changes as  moves round the circle. Notice that we extend the terminal side of the angle in the third and fourth quadrants to find its intersection with the cotangent line .
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				Since the tangent value of is the abscissa of the point C(x, 1), the line y = 1 can also be called the cotangent axis.

				As we can see in the Figure 4.3.9:

				If  then ;
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				Remember that  is an decreasing function in every quadrant.

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

		

		
			
				Let [OC] be the terminal side of an angle  in standard position such that C lies on the line . The abscissa of the point C is ,  is straight line,  and  are vertical angles, 
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				Periods of Function
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				so . Equality gives us . In the Figure 4.3.10 shown that angle  and  at same distance from y-axis, so .
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				In conclusion, we can say that for .

				1. The domain of cotangent function is  and , as you seen in Figure 4.3.10 cotangent axis is parallel to x-axis, therefore tangent axis is never intersects with 0,  and , in other words .
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				2. Range of cotangent function for  function takes values all real numbers, in other words .
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				3. As x increases, the cotangent function decreasing function in every quadrant.

				4. The cotangent function is positive in the first and third quadrants and negative in the second and fourth quadrants.
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				Practice 7

				Simplify the expression:
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				Simplify the expression:

				Solution:
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				How long this side? (Use calculator)
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				Even and odd trigonometric functions

			

		

		
			
				 is on 1st quadrant,  is on 4th quadrant because it is same as . Using the figure at the right, we can find trigonometric ratios of positive and negative angles.

				
					[image: ]
				

				1.  , 
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				From ratios above, we get:

				 is even function. ,  and  are odd functions.
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						Terminology
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				Even - жұп/ четный

				Odd - тақ/ нечетный

			

		

		
			
				CHAPTER 4

			

		

		
			
				Practice 8

				Find the range of function:

				a. 	 b. 
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				Find the domain of function in radian: .

				Solution:

				The domain of cotx does not exist at , for n is an integer. So,
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				So the domain of function is .
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				Example 8
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				Note

			

		

		
			
				For the function , a function is even if  for all x; a function is odd if  for all x.
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				PROBLEMS 4.3
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				1. Find the coordinates of on unit circle with the given angle.

				a. 

				 

				b. 
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				e. 

				 

				2. Compare the trigonometric functions below.

				a. 	b. 
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				c. 	d. 
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				e. 

				3. Write the numbers in ascending order.

				a.  

				b. 

				c. 

				d. 

				4. Determine the sign of expressions.

				a. 

				b. 

				c. 	

				d. 

				5. Write the numbers in descending order.

				a. 

				b. 

				c. 
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				6. For the trigonometric functions below determine the increasing or decreasing in the given intervals. 

				
					Functions 

				

				
					Intervals 

				

				
					Inc or Dec
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				7. Determine sign of trigonometric expressions below.

				a.  

				b. 

				c. 

				d. 

				e. 

				8. Find trigonometric values below.

				a. 	b. 	
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				c. 	d. 
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				e. 	f. 
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				9. Find the domain of trigonometric functions below.

				a. 	b. 
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				c. 	d. 
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				10. Find the domain of trigonometric functions below.

				a. 	b. 
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				11. Find the domain of trigonometric functions below..

				a. 	b. 
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				c. 	

				12. Find the range of trigonometric functions below.

				a. 	b. 
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				13. Find the domain of trigonometric functions below.

				a. 	b. 
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				TRIGONOMETRIC FORMULAS

			

		

		
			
					

			

		

		
			
				You will:
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				- derive and use sum and difference formulas, double angle and half angle formulas;

				- derive and use reduction formulas;

				- derive and use sum to product and product to sum formulas;

				- simplifying trigonometric expressions.

			

		

		
			
				This topic will study formulas that allow us to evaluate trigonometric functions of the sum or difference of two angles.

			

		

		
			
				Sum and Difference formulas
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				Note

			

		

		
			
				In general, 

				Similar statements can be made for the other trigonometric functions of sums and differences.
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				A. sin(x ± y)

			

		

		
			
				In the Figure 4.4.1, 

				By the formula for the area of a triangle,

				Multiplying both sides by 2, gives

				If we divide both sides by  we get
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				Notice that in the triangle ,  and .
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				If we substitute these in (1) we obtain

				If we replace y with –y in this equation we get

				Since  and  we have
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				Calculate .

				Solution:

				We can rewrite . Then by the sine of the sum of two angles, 
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				Example 1
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				CHAPTER 4

			

		

		
			
				So .
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				Practice 1

				Calculate:

				a.  b. 
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				Calculate .

				Solution:

				We can rewrite . Then by the sine of the difference of two angles,
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				Example 2
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				Practice 2

				Calculate .
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				Example 3
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				Activity

			

		

		
			
				Pair work!

				Describe and correct the error in simplifying the expressions.
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					Find the exact value of 

					Solution:

					We will substitute  for . So, 
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				Practice 4

				Solve  for .
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				Find  given that  with  and  with .
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				Solution:

				Using a Pythagorean identity and quadrant signs gives  and . We use sum formula for sine. Then,
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				Example 5
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				Practice 3

				Find the exact value of 
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				Solve

				 for .
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				Solution:

				We use sum and difference formulas of the sine. So, 

				In the interval , the solutions are  and .
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				Example 4
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				Practice 5

				Evaluate the expressions given that  with  and  with .
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				a. 	b. 
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				Note

			

		

		
			
				Remember that!

				
					[image: ]
				

			

		

		
			
				[image: ]
			

			
				[image: ]
			

		

		
			[image: ]
		

		
			
				CHAPTER 4

			

		

		
			
				B. cos(x ± y)

			

		

		
			
				To find  we will use the formula for the sine of the difference of two angles. 
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				Since  and  we have
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				If we replace y with –y in this equation we get 

				Since  and  we have
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				Example 6
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					Calculate .

					Solution:

					We can rewrite . Then by the cosine of the sum of two angles, 
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				Note

			

		

		
			
				You may memorize these formulas as a fairytale. Imagine that the sine function is a generous child, while x and y are toys. When these toys are given to the sine function, he shares the toys with the cosine, and they play together. So we get 

				Now imagine that the cosine function is a greedy child. When he is given these toys, he plays them himself and only in his absence, the sine function can play with toys. So we get
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				So, .

				
					[image: ]
				

			

		

		
			[image: ]
		

		
			
				Practice 6

				Calculate:

				a.  b. 
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				Example 7
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				Practice 7

				Calculate .

				
					[image: ]
				

			

		

		
			[image: ]
		

		
			
				
					Calculate .

					Solution:

					We can rewrite . Then by the cosine of the difference of two angles,
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					Find the exact value of 

					Solution:

					We will substitute  for . So, 
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					Example 8
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				CHAPTER 4

			

		

		
			
				Practice 8

				Find the exact value of 
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				Practice 9

				Solve  for .
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				Solve

				 for .
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				Solution:

				We use difference formulas of the cosine. So, 

				In the interval , the solutions are 0 and .
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				Example 9
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				Example 10
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				Discussion
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				Discuss with your friends!

				We can write the sum and difference formulas for cosine as a single equation:

				Explain why the symbol ± is used on the left side, but the symbol  is used on the right side. Then use the symbols ± and  to write the sum and difference formulas for sine and tangent as single equations.
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					Find  given that  with  and  with .
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					Solution:

					Using a Pythagorean identity and quadrant signs gives  and . We use sum formula for cosine. Then,

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

			

			
				[image: ]
			

			
				[image: ]
			

		

	
		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				170

			

		

		
			[image: ]
		

		
			[image: ]
		

		
			
				Practice 10

				Evaluate the expressions given that  with  and  with .
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				a. 	b. 
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				C. tan(x ± y)

			

		

		
			
				Calculate .

				Solution:

				We can rewrite . Then by the 
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				Example 11
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					To find  we will use that . 
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					Now, let’s divide the numerator and denominator by , we get
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					This gives us

					If we replace y with –y in this equation we get 

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

			

			
				[image: ]
			

			
				[image: ]
			

		

	
		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				171

			

		

		
			[image: ]
		

		
			[image: ]
		

		
			
				Practice 11

				Calculate .
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				Example 12
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				Practice 12

				Calculate .
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				CHAPTER 4

			

		

		
			
				Prove following identity: .

				Solution:

				Choose the left-hand side to modify by using the sum formula for the tangent. So, 
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				Example 13
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				tangent of the sum of two angles, 

				So .
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					Calculate .

					Solution:

					We can rewrite

					Then by the tangent of the sum of two angles.

					So .

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

			

			
				[image: ]
			

			
				[image: ]
			

		

	
		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				172

			

		

		
			[image: ]
		

		
			[image: ]
		

		
			
				Practice 13

				Prove following identity: .
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				For a climbing wall, a guy-wire R is attached 17 meters high on a vertical pole. Added support is provided by another guy-wire S attached 10 meters above ground on the same pole. If the wires are attached to the ground 20 meters from the pole, find the angle  between the wires. See Figure 4.4.2.

				Solution:

				Let’s first summarize the information we can gather from the diagram. As only the sides adjacent to the right angle are known we can use the tangent function. Notice that  and . We can then use difference formula for tangent.
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				Now, substituting the values we know into the formula, we have
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				Example 14
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				CHAPTER 4

			

		

		
			
				D. cot(x ± y)
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				Example 15
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				Practice 14

				In the Figure 4.4.3 shown, the acute angle of intersection, , of two lines with slopes  and  is given by: 

				
					[image: ]
				

				
					[image: ]
				

				Find the acute angle of intersection of the lines  and .
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				Note

			

		

		
			
				We can also calculate these results by
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					We can also calculate these results by using corresponding results for the tangent and the fact that

					Hence, we will get
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					Calculate .

					Solution:

					We can rewrite . Then by the cotangent of the sum of two angles.
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					So .
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				Practice 16

				 and  are given. Find
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				a. 	b. 
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				Example 16
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				Practice 15

				Calculate:

				a.  b. 	c. 
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				Double-angle formulas

			

		

		
			
				We now know formulas to calculate trigonometric ratios such as , ,  and . In this section we will consider the special case  and find formulas for the trigonometric ratios , ,  and . These formulas are called the double-angle formulas.
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				A. sin2x

			

		

		
			
				We know that .

				If  this formula becomes
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				We can also rewrite this as .
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				Note

			

		

		
			
				The 2 that appears in each of the double-angle expressions cannot be pulled to the front and written as a coefficient.

				Incorrect!
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					 and  are given. Find .
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					Solution:

					Use the cotangent of the difference of two angles. So, 
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				Practice 17

				Calculate sin180° using the double-angle formula for sine.

			

		

		
			
				Practice 18

				Evaluate the expressions.

				a. 	b. 
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				Evaluate the expressions.

				a. 	b. 
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				Solution:

				a. In order to use double-angle formula we need to multiply and divide by 2

				Again multiply and divide by 2.

				b. In order to use double-angle formula we need to rewrite this example as
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				Example 17

			

		

		
			
				Example 18
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				CHAPTER 4
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						Terminology
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				Double-angle formula - қос бұрыш формуласы/ формула двойного угла

			

		

		
			
				
					Calculate sin120° using the double-angle formula for sine.

					Solution:

					By the double-angle formula . So,
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				Practice 20

				Find the exact values of sin2a. If

				a. 	b. 
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				Verify the identity: .

				Solution:

				Use the formula for square of the sum to left-hand side of the expression, i.e. . So,
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				Use double-angle formulas for sine to left-hand side of the expression. Then, 
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				Example 20

			

		

		
			
				Example 19
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				Practice 19

				Verify the identity.

				a. 

				b. 
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					Given  with , Find sin2x.
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					Solution:

					Use a Pythagorean identity to conclude that .
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				CHAPTER 4

			

		

		
			
				B. cos2x

			

		

		
			
				We know that .

				Now, substitute , and we get 
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				We can also use the identities  and  to obtain two additional formulas:
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				Practice 21

				Calculate  given  and .
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				Example 21

			

		

		
			
				Example 22
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				Note

			

		

		
			
				The 2 that appears in each of the double-angle expressions cannot be pulled to the front and written as a coefficient.

				Incorrect!

				
					[image: ]
				

			

		

		
			
				[image: ]
			

			
				[image: ]
			

		

		
			[image: ]
		

		
			
				Discussion
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				Discuss with your friends!

				Describe and correct the error in simplifying the expression.
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					Calculate  given  and .
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					Solution:

					Use the double-angle formula for cosine. So,
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					Simplify

					Solution:

					At first, use a duoble-angle formula and then factor difference of squares by using .
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				Practice 22

				Simplify the expression

				
					[image: ]
				

			

		

		
			
				Practice 23

				Given , write  in terms of b.
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				Example 23
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				C. tan2x

			

		

		
			
				We know that .

				If , and we get 
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				Practice 24

				Calculate , given .
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				Calculate , given .
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				Solution:

				Use double-angle formulas for tangent
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				Example 24
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				Note

			

		

		
			
				The 2 that appears in each of the double-angle expressions cannot be pulled to the front and written as a coefficient.

				Incorrect!
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					Given , write  in terms of t.
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					Solution:

					By the trigonometric ratios of complementary angles

					Use double-angle formulas for cosine to calculate .
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					Therefore, .
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				D. cot2x

			

		

		
			
				We know that .

				If , and we get 
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				Practice 25

				Find the exact value of .
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				Find the exact value of .

				Solution:

				The given expression is the right side of the formula for tan2x with .
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				Example 25
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				Note

			

		

		
			
				We can also calculate these results by
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				Example 26
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				CHAPTER 4

			

		

		
			
				
					Calculate cot120° using the double-angle formula for cotangent.

					Solution:

					By the double-angle formula . So,
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				Practice 26

				Calculate cot60° using the double-angle formula for cotangent.

			

		

		
			
				Practice 27

				Given , write  in terms of x.
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				Example 27
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				Half-angle formulas

			

		

		
			
				We have just seen that , ,  and  can be expressed in term of , ,  and  respectively. In addition, we can apply the procedure in reverse order to express , ,  and  in terms of , ,  and  respectively. And then we will find other formulas called half-angle formulas.
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				By using the double-angle formula for the cosine function, we can obtain the half-angle formulas for the sine, tangent and cotangent functions as follows.

				We know that . If we replace x with , then
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					Given , write  in terms of a.
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					Solution:

					By the trigonometric ratios of complementary angles

					 and 
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					Use alternate double-angle formulas for cotangent to calculate .
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					Therefore, .
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				Find the exact value of .

				Solution:

				Since , we use half-angle formula for  
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				Example 28
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				Similary, . If we replace x with  then
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				Using (1) and (2) we can write

				Similary, 
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				Activity
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				CHAPTER 4
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						Terminology
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				Half-angle formula - жарты бұрыштың формуласы/ формула половинного угла
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					Pair work!

					Explain what is wrong in the calculation shown below.
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				Note

			

		

		
			
				Study Tip!

				Keep in mind as you work with the half-angle formulas that the sign outside the radical is determined by the half angle . By contrast, the sign of cosx, which appears under the radical, is determined by the full angle x.
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				Practice 28

				Use a half-angle formula to find the exact value of each expression.

				a. 	b. 
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				c. 	d. 
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				with . What sign should we use when we apply the formula? As we know that 112.5° i.e.  lies in 2nd quadrant, where only the sine is positive, then . Thus, we use the sign in the half-angle formula.
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				Given . Find  if x is in the first quadrant.
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				Solution:

				Use the hlaf-angle formulas for cotangent. Then,

				Since x is in the first quadrant, cotangent is positive. So,
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				Example 29
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				Practice 29

				 is given. Find  if x is in the third quadrant.
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				Given . Find  if x is an acute angle.

				
					[image: ]
				

				Solution:

				Since x is an acute angle, the cosine is positive.

				By using  we find that . Then,
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				Example 30
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				Practice 30

				Given . Find  if x is an acute angle.
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				Reduction Formulas

			

		

		
			
				CHAPTER 4

			

		

		
			
				
					We have already learned how to find trigonometric values by means of a reference angle. In addition, by using the sum and difference formulas we can derive new relations for the sum or difference of a variable angle and a quadrantal angle. 

					For example,

					Consider the value .

					We use sum formula to solve it: 

					Now, consider the value .

					We use difference formula to solve it:
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				Note

			

		

		
			
				Study Tip!

				W

				1st Quadrant: All values are positive; 

				2nd Quadrant: Sine is positive;

				3rd Quadrant: Tangent is positive; 

				4th Quadrant: Cosine is positive; 

				This simple memory device will help you remember which trig functions are positive and where.
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					As a last example, let us find a trigonometric equivalent of . Since  can be written as  or , we use difference formula again:
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					Result (1), (2) and (3) show how we can write the trigonometric value of the sum or difference of a quadrantal angle (such as , , , etc.) as a trigonometric value of the single variable angle. In each case, we ‘reduced’ the trigonometric ratio of a sum or difference to a ratio for a single angle; for this reason, formulas such as (1), (2) and (3) above are called reduction formulas.
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					Similarly, we can derive all of the reduction formulas by substituting quadrantal angles into the sum and difference formulas.

					
						Reduction Formulas for the First Quadrant
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						Reduction Formulas for the Second Quadrant

					

					
						
							[image: ]
						

					

					
						
							[image: ]
						

					

					
						
							[image: ]
						

					

					
						
							[image: ]
						

					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

					
						[image: ]
					

				

			

			
				[image: ]
			

			
				[image: ]
			

		

	
		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				185

			

		

		
			[image: ]
		

		
			[image: ]
		

		
			
				
					
						[image: ]
					

				

				
					
						[image: ]
					

				

				
					
						[image: ]
					

				

				
					
						[image: ]
					

				

				
					Reduction Formulas for the Third Quadrant
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					Reduction Formulas for the Fourth Quadrant
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				Of course, it is difficult to remember all of the reduction formulas. Instead, we can derive them from the sum and difference formulas, or we can follow the steps below.

				1. Find the primary directed angle for the given angle and determine its quadrant.

				2. Determine the sign of the function in the corresponding quadrant.

				3. Express the angle or expression as a sum or difference with a suitable quadrantal angle.

				4. a. Use the sign from step 2.

				b. If the quadrantal angle is an odd multiple of  or 
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				Note

			

		

		
			
				Study Tip!

				An angle whose terminal side coincides with either x or y axis is called a quadrantal angle. Quadrantal angles are measured in 90° increment such as 90°, 180°, 270°, 360°, and so on. In radians, quadrantal angles are measured in π increments (, 2, 3, 4, 5, etc.)
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				CHAPTER 4
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				90°, replace the initial function with its cofunction. If the quadrantal angle is an even multiple of  or 90°, keep the original function.

				c. Eliminate the quadrantal angle.

				5. Find the trigonometric value of the remaining angle.
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				Reduce each trigonometric value .

				a. 	b. 
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				Solution:

				a. 

				Step 1: Find the primary directed angle for the given angle and determine its quadrant.

				, third quadrant.

				Step 2: Determine the sign of the function in the corresponding quadrant.

				In the third quadrant, the sine function is negative.

				Step 3: Express the angle or expression as a sum or difference with a suitable quadrantal angle.

				Step 4: 

				a. Sine is negative: 

				b. 180° is an even multiple of 90° use the original function:

				c. Eliminate the quadrantal angle.

				Take away the quadrantal angle: 

				Step 5: Find the trigonometric value of the remaining angle.

				b. 

				Step 1: Find the primary directed angle for the given angle and determine its quadrant.

				300° is already a primary directed angle, fourth quadrant.
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				Example 31
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				Note

			

		

		
			
				Study Tip!

				We have four fundamental trigonometric functions: sine, cosine, tangent and cotangent. There's a 'co' at the start of the words 'cosine' and 'cotangent' suggesting something special about cosine and sine or tangent and cotangent: they are cofunctions.

				For example,

				Complementary angles 40° and 50°? Cosine of 40° is equal to sine of 50° and Cotangent of 40° is equal to tangent of 50°.
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				Practice 31

				Reduce each trigonometric value .

				a. 	b. 	c. 
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				Step 2: Determine the sign of the function in the corresponding quadrant.

				In the fourth quadrant, the cotangent function is negative.

				Step 3: Express the angle or expression as a sum or difference with a suitable quadrantal angle.

				Step 4: 

				a. Cotangent is negative: 

				b. 270° is an odd multiple of 90° use the cofunction:

				c. Eliminate the quadrantal angle.

				Take away the quadrantal angle: 

				Step 5: Find the trigonometric value of the remaining angle.
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				Simplify the expression:

				Solution:

				We have numerical angle measures. We can use the reference angle or the reduction process to evaluate each term separately.
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				Example 32
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				CHAPTER 4
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				Hence,
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				Practice 32

				Simplify the expression:
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				Example 33
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				Practice 33

				Simplify the expression:
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				SUM TO PRODUCT FORMULAS

			

		

		
			
				How do we write the sum or difference of two trigonometric functions as a product of two trigonometric functions? 

				We will use the sum and difference formulas in our working.

			

		

		
			
				
					Simplify the expression:

					Solution:

					We have variable angle measures so we need to use the reduction process on each term.
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					In conclusion,
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				A. sina ± sinb

			

		

		
			
				To get a formula for  we add the formulas for the sine of a sum and the sine of a difference.
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				If we write  and  we obtain the system .
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				Solving this system for x and y gives  and , which we can substitute in (1):
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				If we subtract the two formulas instead of adding them, we get

				If we write  and  we get the following system .
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				Solving this system gives  and , which we can substitute in (3):
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				Evaluate the following expression:

				a. 	b. 
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				Solution:

				We could evaluate each term separately and then combine them. Howewer, the sum to product formulas give us an easier way.
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				Example 34
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				CHAPTER 4
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				B. cosa ± cosb

			

		

		
			
				Now let us add the formulas for the cosine of a sum and the cosine of a difference:

				If we write  and  we obtain the system .
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				Solving this system for x and y gives  and , which we can substitute in (5):
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				If we subtract the two formulas instead of adding them, we 
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				Practice 34

				Evaluate the following expressions:

				a. 	b. 
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				get

				If we write  and  we get the following system .
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				Solving this system gives  and , which we can substitute in (7):
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				Example 35
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				Practice 35

				Simplify the expression:
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				CHAPTER 4

			

		

		
			
				
					Simplify the expression:

					Solution:

					Use the sum to product formulas for cosine.
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				C. tana ± tanb
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				Example 36

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			[image: ]
		

		
			
				
					For two real numbers a and b not equal to , we know that
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					Multiplying gives us

					i.e.

					If we write –b instead of b in this equation, we get 
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					 is given, evaluate  in terms of x.
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					Solution:

					Let's use the sum to product formulas for tangent.
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				CHAPTER 4

			

		

		
			
				D. cota ± cotb
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				Example 37
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				Practice 36

				 is given, evaluate  in terms of a.
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					For two real numbers a and b not equal to , we know that
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					Multiplying gives us

					i.e.

					If we write –b instead of b in this equation, we get 
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					Given , Find the simplest form of the expression .
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					Solution:

					Let's use the sum and difference to product formulas for cotangent. So, 
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				Practice 37

				Given , Find the simplest form of the expression .
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				PRODUCT TO SUM FORMULAS

			

		

		
			
				If we need to convert a product of two trigonometric expressions to a sum or difference we use the product to sum formulas. These formulas are derived from the sum and difference formulas.

			

		

		
			
				A. sinx · siny

			

		

		
			
				B. cosx · cosy

			

		

		
			
				For any real numbers x and y,

				
					[image: ]
				

			

		

		
			
				Write  as the difference of two trigonometric ratios.

				Solution:

				Let us use the product to sum formula for sine:
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				Example 38
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				Practice 38

				Evaluate .
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				For any real numbers x and y,

				
					[image: ]
				

			

		

		
			[image: ]
		

	
		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				195

			

		

		
			[image: ]
		

		
			[image: ]
		

		
			
				CHAPTER 4

			

		

		
			
				C. sinx · cosy
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				Example 40

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			[image: ]
		

		
			
				Practice 40

				Evaluate .
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				For any real numbers x and y,
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				Example 39
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				Practice 39

				Write the following product of cosines as a sum: .
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					Evalute .

					Solution:

					We could evaluate the two terms separately. However, let us use the product to sum formula for cosine:
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					Express the following product as a sum containing only sine or cosine and no products: .

					Solution:

					Use the formula for the product of sine and cosine. Then substitute the given values into the formula and then simplify it.
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				D. cosx · siny
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				Example 41
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				Practice 41

				Evaluate .
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				For any real numbers x and y,

				
					[image: ]
				

			

		

		
			
				simplifying trigonometric expressions

			

		

		
			
				Use trigonometric identities and formulas to simplify trigonometric expressions.

			

		

		
			
				Calculate: 

				Solution:
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				Example 42
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					Evaluate 

					Solution:

					Use the formula for the product of cosine and sine. Then simplify it.
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				CHAPTER 4
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				Example 43
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				Practice 43

				Simplify the expression: 
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				Practice 42

				Calculate .
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				Calculate: 

				Solution:

				At first, use squares of difference formula and then use the double angle formula for cosine. So,
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				Example 44
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					Simplify the expression: 

					Solution:

					Using the double angle formulas for sine and cosine, and trigonometric identity for tangent,
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				Practice 44

				Calculate the following expressions:

				a.  b. 
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				Practice 45

				Simplify: 
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				Example 45
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				Simplify trigonometric expression:

				Solution:

				Firstly, use the reduction formulas for sine and cosine. After that factorize the numerator and the denominator. So, 
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				CHAPTER 4
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				Example 46
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				Practice 46

				Evaluate , if  and .
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					Evaluate , if  and .
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					Solution:

					Use the difference of two angles formula for tangent to find the tanβ. So, 

					We know that cotangent is a cofunction of the tangent. Hence, 
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				PROBLEMS 4.4

			

		

		
			
				200

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			[image: ]
		

		
			
				A

				1. Give the sum and difference formulas for sine, cosine, and tangent.

				2. Fill in the blanks for each of the following equations.

				b. 

				3. Explain how you can evaluate cos 105° using either the sum or difference formula for cosine.

				4. Find exact value of the expression.

				a. 	b. 
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				c. 	d. 
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				5. Find exact value of the expression.

				a. 	b. 
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				c. 	d. 
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				6. Find exact value of the expression.

				a. 	b. 
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				c. 	d. 
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				7. Evaluate the expression given that  with  and  with .
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				a. 	b. 
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				c. 	d. 
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				e. 	f. 

				
					[image: ]
				

				g. 	h. 
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				8. Complete this statement: sin 2a = 2 sin a cos a is called the ________ formula for sine.

				9. Find the exact value of the expression.

				a. 	b. 
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				c. 	d. 
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				e. 	f. 
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				10. Simplify the expression.

				a. 		

				b. 

				c. 	

				d. 

				e. 

				11. Simplify the expression.

				a. 

				b. 

				c. 

				d. 

				e. 

				f. 

				12. Write the following trig functions as a function of an acute angle:

				a. sin163°	b. cos327° 
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				c. tan248°	d. cos213° 

				13. Simplify the trigonometric expressions below. 

				b. 

				c. 

				14. Simplify trigonometric expressions below.

				a. 	

				b. 

				c. 	

				d. 

				B

				15. Simplify trigonometric expressions below.

				a. 	

				b. 

				c. 		

				d. 
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				e. 		

				f. 

				g. 	

				h. 

				i. 

				16. Simplify the trigonometric expressions below.

				a. 	

				b. 

				c. 	

				d. 

				e. 

				f. 

				g. 	

				h. 

				i. 

				j. 

				k. 
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				l. 	

				m. 

				n. 

				o. 

				p. 

				q. 	

				r. 

				17. Evaluate , if  and .
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				18. Evaluate , if  and .
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				19. Evaluate , if  and .
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				20. Evaluate , if  and .
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				21. Evaluate , if  and .
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				22. Evaluate , if  and .
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				23. Evaluate , if  and 
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				.

				24. Evaluate , if  and .
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				25. Evaluate , if  and .
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				C

				26. Simplify: 

				27. Simplify the trigonometric expressions below.

				a. 	

				b. 

				c. 	

				d. 

				e. 

				f. 

				g. 	

				h. 

				i. 

				j. 

				k. 

				l. 	

				m. 
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				n. 
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				q. 		

				r. 

				s. 

				28. Which is the simplified form of the expression 

				A. 1 B. 	C.  D. 2
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				29. Evaluate , if ,
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				 and  element of 2nd quadrant.
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				30. Evaluate , if  and .
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				31. Evaluate , if  and .

				
					[image: ]
				

				32. Evaluate , if  and .
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				33. Evaluate , if  and .
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				34. Evaluate , if .
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				35. Evaluate

				if .

				36. Evaluate , if  and .
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				37. Prove each statements.

				a. 	

				b. 

				38. Simplify the trigonometric expressions below.

				a. 		

				b. 

				c. 	

				d. 

				e. 

				f. 

				g. 
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				S U M M A R Y
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				RADIAN

				Let  be an arc of a circle with radius r such that the arc length of  is also r. Then the measure of the central angle corresponding to  is called 1 radian. It is denoted by 1 rad or .
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				CONVERTING UNITS OF ANGLE MEASURE

				The measure of an angle is determined by the amount of rotation from the initial side to the finite side. We have seen that the complete angle of a circle measures . We can use the formula  to relate degree and radian measurements, where D and R represent the degree and radian measurements respectively.
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				TRIGONOMETRIC FUNCTION 

				Trigonometric function, In mathematics, one of six functions (sine, cosine, tangent, cotangent, secant, and cosecant) that represent ratios of sides of right triangles. They are also known as the circular functions, since their values can be defined as ratios of the x and y coordinates of points on a circle of radius 1 that correspond to angles in standard positions.

				THE SINE FUNCTION

				1. The domain of sine function is .

				2. The range of sine function for all values of x function takes values between –1 and 1, in other words .

				3. As x increases, the sine function increases in the first and fourth quadrants and decreases in the second and third 
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				quadrants.

				4. The sine function is positive in the first and second quadrants and negative in the third and fourth quadrants.

				THE COSINE FUNCTION

				1. The domain of cosine function is .

				2. The range of cosine function for all values of x function takes values between –1 and 1, in other words .

				3. As x increases, the cosine function decreases in the first and second quadrants and increases in the third and fourth quadrants.

				4. The cosine function is positive in the first and fourth quadrants and negative in the second and third quadrants.

				THE TANGENT FUNCTION

				1. The domain of tangent function is  and , as you seen in figure above tangent axis is parallel to y-axis, therefore tangent axis is never intersects with  and , in other words .
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				2. The range of tangent function for  function takes values all real numbers, in other words .
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				3. As x increases, the tangent function increasing function in every quadrant.

				4. The tangent function is positive in the first and third quadrants and negative in the second and fourth quadrants.
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				Elements of Probability

				Theory

			

		

		
			
				5.1 Basics of Probability Theory. Solving Written Problems
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				Chapter 5
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				5.1

			

		

		
			
				Basics of Probability Theory. SOLVING WRITTEN PROBLEMS
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				You will:
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				- learn concepts such as event, random event, sure event, impossible event, favorable outcomes, equally likely and mutually

				exclusive events;

				- distinguish simple event from compound event;

				- know the classical definition of probability and use it in problem solving;

				- know a statistical definition of probability;

				- apply geometrical probability in problem solving.
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					Definition

				

			

		

		
			
				An experiment is an activity or process which has observable results. For example, rolling dice is an example.

				The possible results of an experiment are called outcomes. The outcomes of rolling dice once are 1, 2, 3, 4, 5, 6.

				The set off all possible outcomes of an experiment is called the sample space for the experiment. The sample space for rolling a dice once is .

				An event is a subset (or part of) of a sample space. For example, the event of an odd number being rolled on dice is .

				If the sample space of an experiment with n outcomes is  then the events  which consists of exactly one outcome are called sure event.
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				For example,

				Consider the sample space for rolling a dice. The event that 

			

		

		
			
				What is the sample space for the experiment of tossing a coin?

				Solution:

				There are two possible outcomes: tossing heads and tossing tails. So the sample space is , or simply .
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				Example 1
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				Practice 1

				Bektenali is a basketball player. He threw a ball to the basketball hoop. How many possible outcomes are there?
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					Definition

				

			

		

		
			
				Two events which can not occur at the same time are called mutually exclusive events. In other words, if two events have no outcome in common then they are mutually exclusive events.
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				CHAPTER 5
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						Terminology
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				Compound event – күрделі оқиға/сложное событие

				Event – оқиға/ событие

				Mutually exclusive – қарама қайшы/ противоположные

				Observable – байқаулы/ заметный

				Outcome – нәтиже/ результат

				Probability – ықтималдылық/ вероятность

				Simple event – қарапайым оқиға/ элементарное событие
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					Definition

				

			

		

		
			
				A simple event is an event with a single outcome (only one answer).

			

		

		
			
				Simple event and compound event

			

		

		
			
				Probability of event
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					Definition

				

			

		

		
			
				Let E be the event in a sample space S in which all outcomes are equally likely to occur. Then the probability of event E is , where n(E) is the number of outcomes in event E and n(S) is the number of outcomes in the sample space S.
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				A coin tossed three times. What is the probability of getting only one head?

				Solution:

				The sample space is

				and the desired event is . So probability is
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				Example 2
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				Practice 2

				I roll a dice. What is the probability of that number is even?

			

		

		
			
				Probability is a measure of the likelihood or chance of an event occurring. In mathematics, it is represented by a number between 0 and 1, where 0 indicates that the event is impossible and 1 indicates that the event is certain.

			

		

		
			
				Simple probabilities (with only one outcome):

			

		

		
			
				the number rolled is even and the event that the number rolled is odd are two mutually exclusive events, since  and  have no outcomes in common. 
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				Research time
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				Imagine that you have bought a lottery ticket for the new year party. And everyone in your school has been bought one ticket. What is the probability of the chance of your winning?
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				Practice 3

				Marat rolls a dice which has one white face, two red faces and three blue faces. What is the probability that the top face is

				a. Blue	b. Red	c. White

			

		

		
			
				There are 9 girls and 12 boys in a class. A student is called at random. Find the probability that the student is a boy.

				Solution:

				Sum of students in one class is 9+12 = 21. 12 of them are boys. So probability that the student is boy is .
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				Example 4
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					Definition

				

			

		

		
			
				A compound event is the combination of two or more simple events (with two or more outcomes).

			

		

		
			
				Compound probabilities (with more than one outcome within a trial):

				The probability of rolling an even number less than 5 on a dice  (even number less than 5 ).
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				The probability of tossing three coins and getting at least 2 tails .
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				The integers 1 through 15 are written on separate cards. You are asked to pick a card at random. What is probability that you pick an odd number?

				Solution:

				There are fifteen numbers in the same place. The odd number are . So desired probability is .
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				Example 3
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				The probability of rolling a 3 on a dice .

				The probability of tossing a head with a coin .
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				Note

			

		

		
			
				When dealing with probability (especially compound probability), a tree diagram will give you a visual representation of what is happening. A tree diagram will show you the solution.
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				CHAPTER 5
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						Terminology

					

				

			

			
				[image: ]
			

		

		
			
				Certain - анықталған/ определенный

				Occur - орын алады/ имеет место

				Wardrobe - гардероб

			

		

		
			
				Practice 4

				Zhanara has 3 red bags, 4 blue bags and 2 green bags. Zhanara takes one of her bags from wardrobe. Find the probability that she takes a red bag.

			

		

		
			
				Practice 5

				Anuar has two algebra, three English and one history copybooks in his bag. What is the probability that he takes geometry copybook from his bag?

			

		

		
			
				Sara rolls a dice. What is the probability of each event?

				a. The number rolled is less than 8

				b. The number rolled is 7

				Solution:

				The sample space is .

				a. We can see that every number in sample space is less than 8. So the event is . Therefore the probability that the number is less than 8 is , which means the event is a certain event.
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				b. Since it is not possible to roll a 9 with a single dice, the event is empty . So the probability is , which means the event is impossible event.
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				Example 5
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				Two dice are rolled together. What is the probability of obtaining a sum less than 6?

				Solution:

				Firstly, let’s find the number of sample space of two dice:
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				Example 6
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				Note

			

		

		
			
				Since the number of outcomes in an event always less than or equal to the number of outcomes in the sample space,  always less than or equal to the one.

				Also, the smallest possible numbers of outcomes in an event is zero. So the smallest possible probability ratio is .

				In conclusion, the probability of an event always lies between 0 and 1. 
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				Practice 7

				Marzhan conceived three-digit number. What is the probability that all digits are the same?
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				We can see that there are 10 combinations where the sum is less than 6. For a 2 dice the total combinations are . So the total probability is  or .
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				Practice 6

				Three dice are rolled together. What is the probability of rolling a sum of 13?
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				Makhambet conceived two-digit number. What is the probability that he conceived the same two-digits?

				Solution:

				First, let’s write all two-digit numbers (sample space) from ten till ninety-nine (10-99), there are 90 two-digit numbers .

				Second, let’s count same two-digit numbers (outcome event) 11, 22, 33, 44, 55, 66, 77, 88, 99, so .

				Finally, by using , so the probability that Makhambet conceived the same two-digits .
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				Example 7
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				A number is drawn at random from the set of numbers . What is the probability that number divisible by 3.

				Solution:

				Sample space of event is . And amount of numbers divisible by 3 is . So, .
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				Example 8
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				Practice 8

				One student was chosen from your class at random. What is the probability that students name begins from A?

			

		

		
			
				The following data relate to the distribution of salaries of a group of workers:

				
					Salaries in 

					tenge

				

				
					50000

					-

					60000

				

				
					60000

					-

					70000

				

				
					70000

					-

					80000

				

				
					80000

					-

					90000

				

				
					90000

					-

					100000

				

				
					100000

					-

					110000

				

				
					Number 

					of 

					workers

				

				
					15

				

				
					23

				

				
					35

				

				
					50

				

				
					21

				

				
					63

				

				If a worker selected at random from the entire group of workers, what is the probability that

				a. His salary would be less than 50000 tenge?

				b. His salary would be more than 80000 tenge?

				c. His salary would be between 60000 and 90000 tenge?

				Solution:

				a. Since there is no worker with salary less than 50000 tenge, the probability that the salary of a randomly selected worker would be less than 50000 tenge:

				b. Since there are  or 134 workers having salaries more than 80000 tenge out of a group of 207 workers, the probability that the salary of a worker, selected at random from the group, would be more than 80000 tenge is:
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				c. There are (23+35+50) or 108 workers with salary between the 60000 and 90000 tenge, then:
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				Example 9
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				CHAPTER 5
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						Terminology
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				Conceived - ойлады/ задумал

				Salary - жалақы/ зарплата
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				Practice 9

				The following data relate to the distribution of the chosen subject of students.

				
					Subject

				

				
					Number of students

				

				
					Algebra

				

				
					13

				

				
					Physics

				

				
					12

				

				
					Biology

				

				
					15

				

				
					Chemistry

				

				
					17

				

				
					Art

				

				
					2

				

				
					Geometry

				

				
					8

				

				If a student selected at random from the given table, what is the probability that subject is:

				a. Chemistry	b. Algebra	c. Art

				d. Maths subjects

			

		

		
			
				We have got a dart of radius 10cm, having a small red circle in the center with radius 2cm. Now the probability that we hit the small circle is the ratio of area of the red circle to the area of the bigger circle.

				Solution:

				Now,

				
					[image: ]
				

			

		

		
			[image: ]
		

		
			
				Example 10
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				SOLVING WRITTEN PROBLEMS
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					Definition

				

			

		

		
			
				Geometric probability can be defined as the likelihood of getting a point or hitting a point in a desired area out of the total given area. The probability of getting a point in the desired area can be written as the ratio of the desired area to the total area.
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				CHAPTER 5

			

		

		
			
				If AD is 20 cm, AB = 8 cm, and CD is 7 cm, what is the probability that a point chosen at random on segment AD will be located on segment BC?

				Solution:

				At first, let's draw an approximate figure to the given exercise. Then,

				Because of

				probability is
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				Example 11
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				Practice 11

				One-quarter of the Earth’s surface is land and the rest is sea. A meteor hits the Earth. Find the probability it lands in the sea.

			

		

		
			
				Practice 10

				The square in the figure is divided into 9 smaller squares. A quadrilateral is chosen at random from the all quadrilaterals in the Figure 5.1.1. What is the probability that the quadrilateral is square?

			

		

		
			
				Point X is randomly chosen in the rectangle (Figure 5.1.2). If BC=10 cm, CD=6 cm, AF=6 cm and AE=5 cm, what is the probability that point X will be located within the triangle?

				Solution:

				First, we have to find area of triangle AEF,
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				Example 12

			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				
					[image: ]
				

				
					[image: ]
				

				
					[image: ]
				

			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

	
		
			
				[image: ]
			

			
				[image: ]
			

			
				[image: ]
			

		

		
			
				214

			

		

		
			[image: ]
		

		
			[image: ]
		

		
			
				Second, let’s find area of rectangle ABCD,

				Finally, we can find probability that the point X will be located within the triangle is 
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				Practice 12

				Find the probability that a randomly chosen point in the figure lies in the shaded region. OB = 5 cm is the radius of the circle (see Figure 5.1.3). (Take )

				
					[image: ]
				

			

		

		
			[image: ]
		

		
			
				Note

			

		

		
			
				Area of circle is 

				Area of square is
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				Find the probability that a randomly chosen point in the Figure 5.1.4 lies in the shaded region. BC = 5 cm, AB = 4 cm, radius of circle is 1. (Take )

				Solution:

				First, we need to find the area of triangle. So, 

				Second, the area of circle is .

				So, the probability that a randomly chosen point in the figure lies in the shaded region is 
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				Example 13
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				CHAPTER 5
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				Activity

			

		

		
			
				Battleship

				Rules

				Each player places the 5 ships somewhere on their board (Figure 5.1.6). The ships can only be placed vertically or horizontally. Diagonal placement is not allowed. No part of a ship may hang off the edge of the board. Ships may not overlap each other. No ships may be placed on another ship. 

				Once the guessing begins, the players may not move the ships.

				The 4 ships are: Carrier (occupies 5 spaces), Battleship (4), Cruiser (3), and Destroyer (2).  

				Playing the Game

				Player's take turns guessing by calling out the coordinates. The opponent responds with "hit" or "miss" as appropriate. Both players should mark their board with pegs: red for hit, white for miss. 

				For example:

				If you call out F6 and your opponent does not have any ship located at F6, your opponent would respond with "miss". You record the miss F6 by placing a white peg on the lower part of your board at F6. Your opponent records the miss by placing.

				When all of the squares that one your ships occupies have been hit, the ship will be sunk. You should announce "hit and sunk". In the physical game, a red peg is placed on the top edge of the vertical board to indicate a sunk ship. 

				As soon as all of one player's ships have been sunk, the game ends.

				Now question

				1. What is the probability that your first coordinate will hits the ship of your opponent?

				2. If your first coordinate has hit the ship, what is the probability to hit the second coordinate?

				3. What is the probability that your first coordinate miss the ship of your opponent?
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						Terminology
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				Area - аудан/ площадь

				Shaded - боялған/ окрашенный
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					Practice 13

					Find the probability that a randomly chosen point in the Figure 5.1.5 lies in the shaded region. ABCD is a square, AB = 6 cm.
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				PROBLEMS 5.1
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				A

				1. A dice is rolled, find the probability that an even number is obtained.

				2. A dice is rolled, find the probability that a prime number is obtained. 

				3. Three coins are tossed, find the probability that three heads are obtained.

				4. Three coins are tossed, find the probability that two heads and one tail are obtained.

				5. Four coins are tossed, find the probability only tails are obtained.

				6. Four coins are tossed, find the probability three heads and one tail are obtained.
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				7. Four coins are tossed, find the probability that two heads and two tails are obtained.

				8. Two dice are rolled, find the probability that the sum is equal to 4.

				9. Two dice are rolled, find the probability that the sum is equal to 5.

				10. Two dice are rolled, find the probability that the sum is equal to 7.

				11. Two dice are rolled, find the probability that the sum is less than 13.

				12. Two dice are rolled, find the probability that the sum is equal to 9.

				13. A card is drawn from a deck of 52 cards. Find the probability of getting four kings.
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				14. A card is drawn from a deck of 52 cards. Find the probability of getting diamond.

				B

				15. A dice is rolled and two coins are tossed, find the probability that the dice shows an even number and the coins show two tails.

				16. A dice is rolled and two coins are tossed, find the probability that the dice shows an even number and the coins show tail and head.

				17. What is the probability that a single card chosen from a deck is not an ace?
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				18. The blood groups of 200 people is distributed as follows: 60 have type A blood, 40 have B blood type, 45 have O blood type and 55 have type AB blood. If a person from this group is selected at random, what is the probability that this person has O blood type?

				19. There are 3 red, 5 blue, 2 black and 6 yellow marbles in a box. Find the probability of getting 2 yellow marbles without replacement. 

				20. There are 3 red, 5 blue, 2 black and 7 yellow marbles in a box. Find the probability of getting 2 yellow marbles with replacement.

				21. There are 3 teacher, 7 students and 5 parents in the class, what is the probability of choosing a teacher or a student.

				22. There are 3 teacher, 7 students and 5 parents in the class, what is the probability of choosing a teacher and a parent.

				23. In a computer class there are 12 juniors and 15 seniors. Three juniors and six seniors are boys. If a student is selected at random, then what is the probability of selecting a junior or a boy?
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				24. A company is hiring two people out of 45 candidates. 18 of them are males, 9 candidates are younger than 40 years old and 5 of candidates are females and younger than 40 years old. What is the probability of hiring one male and one female workers?

				25. A company is hiring one people out of 45 candidates. 18 of them are males, 9 candidates are younger than 40 years old and 5 of candidates are females and younger than 40 years old. What is the probability of hiring female worker older than 40 years old?

				26. A company is hiring one people out of 45 candidates. 18 of them are males, 9 candidates are younger than 40 years old and 5 of candidates are females and younger than 40 years old. What is the probability of hiring female worker older than 40 years old? 

				27. In a shipment of 15 bulbs, 4 were defective. If 2 bulbs are randomly selected and tested, what is the probability that both are defective if the first one is not replaced after it has been tested?

			

		

		
			
				C

				28. A student conceived a number, he said that the number is two digit and prime. What is the probability of guessing this number?

				29. A student conceived a number, he said that the number is two digit, prime and it is a day of his birthday. What is the probability of guessing this number?

				30. A student conceived a number, he said that the number is two digit, even and it is a day of his birthday. What is the probability of guessing this number?

				31. In a café there are five different types of coffee, six different types of cookies. Unfortunately, Nursultan can buy only one thing. How many choices does Nursultan has?

				32. In a café there are five different types of coffee, six different types of cookies. Nursultan wants to have a brunch (drink +snakes). How many choices does Nursultan has?
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				33. Alim has five T-shirts, three trousers and six pair of shoes. He can put only one thing into his bag. How many variations of choosing one thing, are there? 

				34. Alim has five T-shirts, three trousers and six pair of shoes. How many different styles does Alim have?
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				Experiment

				An experiment is an activity or process which has observable results. For example, rolling dice is an example.

				Outcomes

				The possible results of an experiment are called outcomes. The outcomes of rolling dice once are 1, 2, 3, 3, 4, 5, 6. The set off all possible outcomes of an experiment is called the sample space for the experiment. The sample space for rolling a dice once is .

				Event

				An event is a subset (or part of) of a sample space. For example, the event of an odd number being rolled on dice is . 

				sure

				If the sample space of an experiment with n outcomes is  then the events  which consists of exactly one outcome are called sure event.

				
					[image: ]
				

				mutually exclusive events

				Two events which can not occur at the same time are called mutually exclusive events. In other words, if two events have no outcome in common then they are mutually exclusive events.

				simple event

				A simple event is an event with a single outcome (only one answer).
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				compound event

				A compound event is the combination of two or more simple events (with two or more outcomes).

				Probability of the Event

				Let E be the event in a sample space S in which all outcomes are equally likely to occur. Then the probability of event E is , where n(E) is the number of outcomes in event E and n(S) is the number of outcomes in the sample space S.

				An event whose probability is 1 is called a certain event. An event whose probability is zero is called an impossible event.

				Solving written problems

				Geometric probability can be defined as the likelihood of getting a point or hitting a point in a desired area out of the total given area. The probability of getting a point in the desired area can be written as the ratio of the desired area to the total area.
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				review Exercises for 9th grade
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				A

				1. For each arithmetic sequence (an) find the missing value.

				a. 	

				b. 	

				c. 	

				d. 	

				e. 

				f. 	

				g. 	

				h. 	

				i. 

				2. For each geometric sequence (bn) find missing value.

				a. 

				b. 

				c. 	

				d. 	

				e. 	

				f. 

				g. 	

				h. 	

				i. 
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				3. The fourth and eighth terms of a geometric sequence are  respectively. Find the product of the third and ninth terms.

				4. The sum of the first fourth terms of a geometric sequence is 20 and the sum of the next four terms is 320. Find the sum of the first ten terms. 

				5. Find .

				6. The sum of the first twelve terms of an arithmetic sequence is 168. The sum of the first eighteen terms is 360. Find the common difference of this sequence.

				7. Sum of first and third terms in the increasing sequence is equal to 20, and its second term is equal to 6. Find the product of first and fifth terms of this sequence.

				a. 64	b. 264	c. 144	d. 92 e. 32

				8. Given geometric sequence: 0.008, 0.04, 0.2, … Find the quotient, fourth and fifth terms of the given sequence.

				9. Use suitable method to solve each system:

				a. 

				b. 	c. 	d.  
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				review Exercises for 9th grade
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				e.  f. 
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				g.  h. 
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				10.  Solve the inequality system:

				a. 	b. 	c. 	d.  e. 
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				11. Solve the inequality system:

				a. 	b. 	c. 	d.  e. 
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				12. In which interval contains answer of expression , if  is a solution of equation system:
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				a. 	b. 	c. 	d.  e. 	f. 
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				g.  h. 
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				13. Find each trigonometric value by using a reference angle.

				a. 	b. 	c. 
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				d. 	e. 	f. 
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				g. 	h. 	i. 
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				j. 	k. 	
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				l. 

				14. Evaluate the expressions.

				a. 

				b. 

				c. 	d. 
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				15. Simplify. 
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				review Exercises for 9th grade
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				16. For each trigonometric ratio in the given quadrant, find the other trigonometric ratios for β.

				a. 

				b. 

				c. 	

				d. 	

				e. 	

				f. 

				17. Calculate the values without using a trigonometric table or a calculator.

				a. 	b. 
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				c. 	d. 
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				e. 		f. 
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				g. 		h. 
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				18.  are given. Find the value of each expression.

				a. 	b. 
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				c. 	d. 
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				e. 	f. 
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				19. Simplify the expressions.

				a. 	

				b. 

				c. 

				d. 

				20. Calculate sin2x, cos2x and tan2x from the information given in each question.

				a. 

				b. 

				c. 

				d. 

				c. 
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				review Exercises for 9th grade
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				d. 

				21. Calculate  from the information given in each question.

				a. 

				b. 

				c. 

				d. 	

				22. Calculate: .

				a. 0.2	b. 0.25	c. 0.8	d. 0.3 e. 0.4

				23. Simplify each expression.

				a.  

				b. 	

				c. 	

				d. 	

				e. 	

				f. 

				g. 
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				24. Express each sum or difference as a product of trigonometric functions.

				a. 	b. 
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				c.  d. 
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				e. 	f. 
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				25.  is given with .
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				26.  is given with . Find .
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				27. Evaluate .

				28.  is given. Evaluate .
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				29.  is given. Evaluate .
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				30. Evaluate .
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				ANSWER KEY
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				5-8TH GRADE REVIEW

				1. a. 5 b. 1/2 c. m–10 d. 1/27 e. 64/343 f. 27/8 2. a. 212 b. 514 c. 37 d. 1/5 e. 2–16 f. 3–20 

				3. a. 5(x+1) b. 3(1-3y) c. (2x+3)(x+1) d. 5x  

				e.  f.  g. 2x2 h. x(5-11x) 4. a. 5x+2 b. 11-6x c. x-4 d. ab+4a  e.  
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				f.  g.  h. 2x-4 5. a. 3 b. -11 c. 3 d. -3 e. 2/11 f. -2 g. -4  h. -4  6. left for students 7. For example, Isola, because the snowfall is greater on average.  8. 91, 92 and 93 .9. 57, 59 and 61 10. 25/3 and 125/3 11.   5/4, 55/4  12.   
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				13. a.   b.  14. a. (4, 2) b. (6, -1) c. (5, 2) d. (8, 2) 15. a.  b.   
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				16. a.  b.  c.  d.  
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				e.  f.  g.  h.  17. a.  
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				b.  c.  d.  
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				e.  f.  g.  h.   
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				18. a.  b.  
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				c.  d.  
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				e.  f.  
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				g.  h.  
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				19. a.  b.  
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				c.  d.  
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				e.  f. 
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				20. a. 20 b. 20-24 and 30-34 21.  

				22. 5 23. 4 24. width is 12  25. left for students 26. 9/2 27. a + b2 28. 4/5 29. prove 
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				30. a.  b.   31. a.  
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				b.  c.  d.   32-33. left for students 34. a.  
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				b.  c. x = 5, y = -2

				d.   e.  
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				f.   

				35. 5.5 and 9.5 36. 6, 3 or 2.4, 5.4 37. 4, 10 38. 7, 3 39. TV $200, DVD player $450 40. 5/7 41. 36, 9 42. current 4m/s, fish 10m/s 43. current 4.5 knots, submarine 20.5 knots 44. left for students 45. 2/3 

				PROBLEMS 1.1

				 

				1. left for students 2. a. 1 b. 5 3. a. – 0.2 b. –15 4. a. – 19/10 b. – 8 5. a. – 5 b. – 12 6. a. 7 b. 9 c. 13 d. 11 e. 17 

				7. a.  

				b.  

				c.  

				d.   8. n = 4  9. m = 5 10. z = 1/5 11. t = 1 12. a. The solution set is two points  and  b. The solution set is two points  and  c. The solution are  and  
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				13. a.  and  b.  and 
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				с.  and  d.  and    
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				14. (4, 6) and (6, 4)  15. (12, 8) and (8, 12) 

				16. First number ±2 and second number ±1

				17. First number ±3 and second number ±2

				18. a. 2 b. – 23 19. a. – 19/10 b. 91/11  

				20. a. , , ,  
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				b. ,   21. a. , , ,  b. ,   22. Length 
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				ANSWER KEY
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				is 11, width is 7 23. Length is 8, width is 6 

				24. , 
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				25. , , , 
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				26. ,  27.Area of rectangle is 4 
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				PROBLEMS 1.2 

				1. a. yes b. yes c. yes d. no e. yes d. yes

				2. ,  3-9. left for students
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				10. a. no b. no c. yes d. yes 11-16. left for students

				PROBLEMS 2.1

				1. a. permutation b. product rule c. factorial d. combination e. sum rule   2. 7 3. 10 4. 12 5. 30 6. 84 7. a. 36 b. 30 8. a. 3628800 b. 24 c. 362760 d. 168 9. a. 42 b. 153/7 

				c. 197643600 d. 35280 10. a. 21 b. 153/28 c. 495900 d. 93 11. 120 12. 60 

				13. P(10, 4) 14. 60480 15. 900000 

				16. 60 17. 120000 18. 8·7·6 19. C(20, 11) 20. 160000 

				21. a.  b.  c.  d.  
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				22. 26000 

				23. a. 5 b. 120 c. 6 d. 5 e. 2 24. 45 25. 87 26. 16800 27. 10080 28. a. 2000 b. 5000 c. 1008 d. 448 e. 504 f. 518  29-30. left for students

				PROBLEMS 2.2

				1. a.  b.  c. order matters in b
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				2. a. 3! b. 3!/2! c. 4! d. 6!/3! 3. 

				4.  5. (1!·3!)·2! 6. a. 103 b. 1/1000 c. left for students 7. a. 120 b. 720 8. a.  b.  
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				9. (2!·3!·4!)·3! 10. (2!·1!·4!·3!)·4! 

				11.  12.  
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				13. (2!·1!·4!·3!)·3! 

				14. a.  b. 181440 
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				15. 5!·3! 16. a. 4·(8!/2!) b. 4·(7!/2!)·3 

				17.  18. 
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				19. 3!·3! 20.  

				21.  

				22.  

				23. 24.  
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				25. a.  

				b. 

				26. 8 persons 27.  28.   
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				29. a. 16777216 b. 83160 30. a.  

				b.  c.  d.  e.  f.  
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				g.  h.  
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				i.  

				j.  

				k.  

				l.  31. a.  
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				b.  

				c.  

				d.  

				PROBLEMS 2.3

				1. a.  b.  
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				ANSWER KEY
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				c. 

				d. 2. a. 16 b. 100 3. a. 4096 b. 1 4. a. -1024 

				b. 15625 5-6. left for students 7. 

				8.  9. 32256 10. 50319360 11.  12.  
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				13. a.  b.  

				
					[image: ]
				

				c.  14. 3 15. 5 

				16. 120 17.  18. 252 19. 2 

				20.  21. 465920 22. 3360 

				23. 20412 24.  25. 1 26. 7920

				PROBLEMS 3.1

				1. a. yes b. no c. yes d. yes e. yes f. yes  

				2. a.  b.  c.  
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				d.  e.  f.  
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				3. a. 7, 9, 11 and 72 b.  

				c. 

				4. a. 1, 3, 11, 43, 171 b. 3, 14, 25, 36, 47 

				c. 500, 100, 20, 4, 0.8 5. 111 6. monotone

				7. a.  b.  c.  8. c 9. seven terms
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				10. 3 11. a.  b. 1440 c. 2160 12.  13. a.  
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				b.  

				c.  
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				14. 45 15. c 16. 3 

				17.  

				18. find the difference of consecutive terms 

				19. yes,  20. 1

				PROBLEMS 3.2

				1. a. no b. yes c. yes 2. a.  

				b.  c. 0 d.  e.  f.  3. a. 3, 11, 19, 27, 35, 43,…..
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				b.  

				c. 16, 20.5, 25, 29.5, 34, 38.5,….. 

				d. 0, 5.2, 10.4, 15.6, 20.8, 26,…. 

				4. a. 6 b.  c.  d.  
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				5. a. yes, 12 b. no c. yes, 5 d. no 

				6. a.  b.  
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				c.  d.  e.  f.  
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				7. a.  

				b.  8. a.  b.  
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				9. a. 1030 b.  c. 665 d.  e. 16082 f. 3912 10. a. 12 b. 7 c. 15 d. 24 e. 22 f. 18 11. a.  b.  12. a.  b. 6 c. 0 13. a. 0.8 b. 94 c.  14. No 
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				15. 12 16. 68 17. a. 52 b. 3780 c. 11/6 d. 7 e. 19 f.  18. yes 19. 8775 

				20. a. 36.5 km b. 456.5 km 

				21-24. left for students 25. 5 26. 162 

				27. 1, 9, 17 28. 4a 29. 49 30.   

				31. 160 32. 630 33. 2340 
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				34.  

				PROBLEMS 3.3

				1. left for students 2. a. yes b. no c. no 

				3. a. 3 b. 6 c. -3 d. 2 e.  f.  
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				4. a.  b.  c.  d.  
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				e.  f.  
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				5. a. 0.8, -4, 20, -100, 500, -2500,… 

				b. 1, 2, 4, 8, 16, 32,…. 

				c. -4, -16, -64, -256, -1024, -4096,…. 

				d. 25, -125, 625, -3125, 15625, -78125,….

				6. a.  b.  
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				c.  d.  
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				e.  f.  
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				7. a. -1 and 1 b. 324, 108; 12 or 324, -108; -12 

				8.  9. a.  b. 8 c. 48  
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				10. left for students 11. a. 5 b. 4 c. 7  

				12. a.  b. 2916 c. 96 or -96 13. 126; 8160 

				14.  15. 5 16.  17.  
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				18. 12 19. a.  b. 6141 c.  and  d. 555 20. 6138 21.  
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				22. 3 23. 4, 8, 16 or  24. 16; 8; 4  25. 18333 26. 2778 27. -3 or 3 28.  
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				29.  30. no  31. 0.5 or -0.5  32. 5460 
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				33. 67 34.  35. 5  36. 0.5  37. 780 

				38. 103.17 39.  g

				PROBLEMS 3.4

				1-2. left for students 3. a. 6 b.  c.  
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				4. a. 81 b.  c.  d. doesn’t exist 
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				5. a.  b.  c. 6. a.  b.  c.   
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				7. left for students 8.  

				9. 405, -270, 180, -120	  

				10. a.  b.  c.  d.  11. left for students  12. 480 13.  
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				14.  15. -3 16. a.  b. 2 17. 150
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				PROBLEMS 4.1

				1. 1e; 2d; 3a; 4c; 5b   2. a. 135 b. 50 c. 66 

				d. 24 e. 315 f. 26 3. a.  b.  c.  
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				d.  e.  f.  4. a. 1 b. 2 c. 1 
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				d. 3 e. 2 f. 2 g. 4 h. 3 i. 3 j. 3  

				5. a. 2 b. 1 c. 3 d. 2 e. 4 f. 4 g. 2 h. 3 

				6. Left for students  

				7.  8. 135 9. 240 10.  11.   
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				12. 65 13. AG=0.28
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				PROBLEMS 4.2

				1-5. left for students 6. a. 1/2 b. 

				c.  d.  e. 75 f. 1/2
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				7. a. + b. - c. - 8. a. + b. - 9. a. - b. - 

				11. a. 1 and 3 b. 1 and 2 c. 1 and 3 d. 1 and 3 e. 3 and 4  11. a. 1 and 4 b. 2 and 4 c. 3 and 4 d. 1 and 3 

				12. a. , ,
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				c. , ,  d. , , 
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				 13. -1/3 14. -1/2 1

				5.  16. a. + b. - 17. +

				PROBLEMS 4.3

				1. a. 

				b. 

				c.  

				d.  

				e.    2. a. < b. > c. < d. > e. > 

				3. a. cos95°<sin0°<cos20°<tan45° 
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				b. sin190°<cos20°<cos10°<cos5°

				c. tan(-60°)<cot80°<sin30°<cos(-45°) 

				d. cos180°<cos53°<sin53°<tan53° 

				4. a. + b. + c. + d. + 

				5. a. cos20°>sin145°>sin20°>cos105° 

				b. sin20°>sin10°>sin5°>sin190° 

				c. tan(-30°)>tan(-45°) >tan(-60°)>tan(-80°) 

				d. cos45°>sin40°>cos55°>cos180°

				6. a. decreasing b. increasing c. decreasing d. increasing e. decreasing f. increasing  

				7. a. + b. + c. - d. - e. +  8. a. 1 b. 1 c.  d. 1/2 e.  f.   9. a. R b.  
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				c.  d.  
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				10. a. R b.  11. a.  
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				b.  c.   
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				12. a. [1.5;2.5] b. [-17;9] c. [-1;0] 

				d. (-∞;-1]U[1;+∞) 13. a. [1;+∞) b. R c. [0;∞)

				PROBLEMS 4.4

				1-3. left for students 4. a.  

				b.  c.  d.  
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				5. a.  b.  c.  
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				d.  6. a. 1 b.  c.  d.  7. a.  b. 0 c. -0.28 d. -1 e. 24/7 f. 0 g. 7/24 h. no solution 
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				8. left for students 

				9. a.  b.  c.  
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				d.  e.  f.   
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				10. a.  b.  c.  
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				d.  e.  
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				11-12. left for students 13. a. 0 b. 0 c.  14. a. 0 b. 0 c. -sinα·cosα d. 1+sinα 

				15. a. tanα b. -1-sinα·cosα c. 1 d. 2 e. 1 f. -tanα g.  h. -2 i.  
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				16. a.  b. 0.25 c. 1 d.  e.  f. 1 g. cos2α  h. 7/8 i. 13/16 j.  k. 1 l.  m. 2cot2α n. cot10°/2 o. 0.25 p.  q. 0.5sin4α r. -1 17. 6/10 18. 3/5 
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				19. -79/81 20.  21. -0.25 22. 1

				23.  24. 3/5  25.  26. 1 
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				27. a.  b.  c.  d. -0.5 e.  f.  g. 4  h. -2 i.  j. 1 
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				k.  l.  m.  n. 3 o. 1 p. 1 q.  r.  s. 1
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				28. a.  b.  c.  d.  29. 63/65 30. 56/65  31.   32. -1 33. 11/2 34. -1 35.   
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				36. 3 37. left for students 38. a.  b.  c.  d. -1 e. 1 f. 1/2 g. 1
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				PROBLEMS 5.1

				1. 1/2 2. 1/2 3. 1/8 4. 3/8 5. 1/16 6. 1/4 7. 3/8 8. 1/12 9. 1/9 10. 1/6 11. 1  12. 1/9 13. 1/13 14. 1/4 15. 1/8 16. 1/4 17. 12/13 18. 9/40 19-20. left for students 21. 2/3 22. 1/15 23. 2/3 24. 6/25  25. 22/45 26. 41/45 27. 2/35 28. 1/21 29. 1/7 30. There is no such number  31. 11  32. 30 33-34. left for students.

				5-8TH GRADE REVIEW

				1. a. -35 b. 2 c. 3 d. 8 e. 11 f. 0 g. 2 h. -1.5 i. -1.5 2. a. 0.5 b. 1 c. 4 d. 65/27 e. 781 f. 3069 g. 555 h. -2/3 i. -7/8 3. 25/729 4. 341 5. 200  6. 2 7. E 

				8.  9. a. (10;28),(-1;-5) 

				b. (1;-1),(-4;14) c. (1:0),(7;30) d. (0;8),(-5;-17) 

				e. (7;6),(-4;-5) f. (5;4) g. (1;5),(5;1) h. (-1,-6),(6,1) 10. C 11.   C  12. BFG  13. a.  b. 
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				c.  d.  e.  f.  g. -1

				
					[image: ]
				

				
					[image: ]
				

				h.  i.  j.  k. 1 l. 
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				14. a.  b.  c. 0 d. 
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				15. a.  b. 0 c.  d.   16. left for students 17. a.  
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				b.  c. 

				
					[image: ]
				

				d.  e.  f.  
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				19. a.  b.  
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				c. cosx d.  

				20-21. left for students 22. C 

				23. a.  b.  c.  
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				d.  e.  f.  g. 0 

				
					[image: ]
				

				24. a.  b.  c.  d. 
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				25. -55/24 26. -3/4 27.  28.  29.  30. 
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